
Journal University of Kerbala , Vol. 15 No.1 Scientific . 2017 
 

11 

 

Subclass of Multivalent Functions Defined by using 

Differential Operator 
 

مشتقت العامل   لجزئي لذوال متعذدة معزفت باستخذامالصف ا   
 

Amaal Kareem Oleiwi, Murtadha M. Abdulkadhim, Faiz J. Alhamadany 

Department of Mathematics, College of Education for Pure Science 

AL-Muthanna University, AL-Muthanna, Iraq 

E-mail: amolakrm@yahoo.com 

E-mail: murtadha_moh@mu.edu.iq 

E-mail: faiz.jawad@yahoo.com 
 

 

Abstract: 
 In the present paper, we introduce a subclass   (             ) of multivalent analytic 

functions in the open unit disc U. We study coefficient inequalities, closure theorem , radii of 

starlikeness, convexity and close-to-convexity. We also obtain weighted mean, arithmetic mean 

and linear combination. 
 

 الخلاصت:
ودرسنا متبايناث  Uلذول متعذدة في القزص المفتوح  (             )  في هذا البحث ناقشنا الصف الجزئي 

 المعامل ونظزيت الانغلاق وانصاف الاقطار كذلك تطزقنا لمتوسط مزجخ والوسط الحسابي والمجموع الخطي 
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1- Introduction :  
 Let   denote the class of  all functions of the form:    

 ( )     ∑    
 

 

     

        (     *       + )                                           ( ) 

which are analytic and multivalent in the open unit disk   *    | |   +. 
Let    denote the subclass of    containing of functions of the form:    

 ( )     ∑    
 

 

     

        (         *       + )                              ( ) 

which are analytic and multivalent in the open unit disk   *    | |   +. 
For the functions       given by (2) and      defined by  

 ( )     ∑    
 

 

     

        (         )                                                   ( )  

We define the convolution (or Hadamard product) of         by  

(   )( )     ∑      
 

 

     

                                                                    ( ) 

A function       is said to be p-valently starlike of order   if it satisfies the inequality:[2]  

   {
  ́( )

 ( )
}            (             )                                             ( )  
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We denote by    
  the class of all p-valently starlike functions of order  . Also a function 

 ( )     is said to be p-valently convex of order   if it satisfies the inequality:[2] 

  {  
  ́́( )

 ́( )
}                   (             )                                ( ) 

We denote by  (   ) the class of all p-valently convex functions of order  . We note that (see 

for example Duren [6] and Goodman [7]) 

 ( )   (   )  
  ́( )

 
   

 (   )          (         )                                ( ) 

A function       is closed –to-convex of order   if  

  {
  ( )

    
}         (         )                                            ( )  

Definition (1)[6] : Let                         and  

 ( )     ∑   

 

     

    

Then, we define the linear operator 

    
   

            

    
   

 ( )     ∑ (  
(   ) 

(   )
)

 

  

 

     

                                                     ( ) 

 

Definition (2): Let   be a fixed function defined by (3). The function      given by (2) is said to 

be in the class   (             ) if and only if  

|
 .    

   (   )( )/
( )

 .    
   (   )( )/

(   )

  .    
   (   )( )/

( )

 (   ) .    
   (   )( )/

(   )
|                                      (  ) 

where 

                                                 
and for each     (             ) we have 

 ( )( )   (   )     ∑  (   )  

 

     

   

 (   )  
  

(   ) 
 {

                                                       (   )

 (   ) (     )             (   )
 

Some of the following properties studied for other classes in [1],[2], [4] and [5]. 

 

2- Coefficient Inequalities: 
Theorem (1): Let     . Then     (             ) if and only if  

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )    

 

     

    (     )        (  ) 
Where  

                                                 
The result is sharp for the function  

 ( )     
   (     )

(  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  
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Proof :Suppose that the inequality (11) holds true and | |   . Then we have  

|
 .    

   (   )( )/
( )

 .    
   (   )( )/

(   )

  .    
   (   )( )/

( )

 (   ) .    
   (   )( )/

(   )
| 

 | .    
   (   )( )/

( )

 .    
   (   )( )/

(   )

|

  |  .    
   (   )( )/

( )

 (   ) .    
   (   )( )/

(   )

| 

 | ∑ (  
(   ) 

(   )
)

 

(   ) (     )

 

     

     
     | 

  |  (     ) 

 ∑ (  
(   ) 

(   )
)

 

[( (     )  (   ))] (     )     
     

 

     

| 

 ∑ (  
(   ) 

(   )
)

 

(   ) (     )

 

     

    | |
         (     )| |   

 ∑ (  
(   ) 

(   )
)

 

[( (     )  (   ))] (     )    | |
     

 

     

 

 ∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )     (     )

 

     

   
 

by hypothesis. 

Hence by maximum modulus principle,      (             )  

Conversely : suppose that     (             ). Then from (10), we have  

|
 .    

   (   )( )/
( )

 .    
   (   )( )/

(   )

  .    
   (   )( )/

( )

 (   ) .    
   (   )( )/

(   )
| 

 ||
∑ (  

(   ) 
(   )

)
 

(   ) (     ) 
          

     

  (     )  ∑ (  
(   ) 
(   )

)
 

[( (     )  (   ))] (     )          
 
     

||

    
Since   ( )  | | for all   (   ), we get  

  

(

 
∑ (  

(   ) 
(   )

)
 

(   ) (     ) 
          

     

  (     )  ∑ (  
(   ) 
(   )

)
 

[( (     )  (   ))] (     )          
 
     )

  

                                                                                (  ) 
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We choose the value of   on the real axis so that .    
   (   )( )/

( )

 is real. 

Letting     . Through real values, we obtain inequality (11). 

Finally, sharpness follows if we have  

 ( )     
   (     )

(  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

   

                                                          (  ) 
Corollary (1): Let     (             ). Then  

  

 
   (     )

  (     )  ∑ (  
(   ) 
(   )

)
 

[( (     )  (   ))] (     )          
 
     

    

                                                      (  ) 
 

3- Closure Theorem: 
Theorem (2): Let the functions     defined by   

  ( )     ∑      
 

 

     

 (                     )  

be in the class   (             ) for every          . Then the function    defined by  

 ( )     ∑    
 

 

     

    (          )    

also belongs to class   (             ), where  

   
 

 
∑    

 

   

                 

Proof: Since       (             ), we have 

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )      

 

     

    (     )      
for every           . Hence  

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )    

 

     

 

 ∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )  (
 

 
∑    

 

   

)

 

     

 

 
 

 
∑( ∑ (  

(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )  

 

     

    )

 

   

 

    (     )  
Therefore, by Theorem (1), we have     (             ). 

This completes the proof of the theorem. 
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4-Radii of Starlikeness, Convexity and Close-to-convexity. 
 Using the inequality (5), (6) and (8) and Theorem (1), we can compute the radii of 

starlikeness, convexity and close-to-convex. 

Theorem (3): If     (             ). Then   is p-valently starlike of order   (     ) in 

the disk  | |      (             ), where 

  (               )

    
 

{
 

 (   ) (  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

(   )   (     )

}
 

 

 
   

    

Proof: It is sufficient to show that  

|
   ( )

 ( )
  |          | |                                                          (  ) 

But  

|
   ( )

 ( )
  |  |

   ( )    ( )

 ( )
|  |

 ∑    
 
         

   ∑   
 
         

|  
∑ (   )  
 
      | |   

  ∑   
 
     | |   

  

Thus , (16) will be satisfied if 

∑ (   )  
 
      | |   

  ∑   
 
     | |   

       

or if 

∑
(   )

(   )

 

   

  | |
                                                                             (  ) 

Since     (             ), we have 

∑
(  

(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

   (     )
              

 

     

 

Hence, (17) will be true if 

(   )

(   )
| |     

(  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

   (     )
    

or equivalently 

| |  

{
 

 (   ) (  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

(   )   (     )

}
 

 

 
   

  

     
Setting | |    we get the desired result. 

Theorem(4): Let     (             )  Then   is p-valently convex of order    (     ) 

in  | |      (               ), where 

  (               )  

    
 

{
 

 (   ) (  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

 (   )   (     )

}
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Proof: It is sufficient to show that  

|
   ( )

  ( )
    |         | |                                                 (  ) 

But 

|
   ( )

  ( )
    |  |

   ( )  (   )  ( )

  ( )
|  |

 ∑  (   ) 
        

   

  ∑   
           

|

 
∑  (   ) 
       | |

   

  ∑   
       | |   

  

Thus, (18) will be satisfied if 

∑  (   ) 
       | |

   

  ∑   
       | |   

      

or if 

           

∑ (
 (   )  | |

   

(   )
)

 

     

  | |
                                                   (  ) 

Since     (             ), we have 

∑
(  

(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

   (     )
              

 

     

 

Hence, (19) will be true if 

 (   )  | |
   

(   )
  

(  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

   (     )
    

or equivalently 

| |  

{
 

 (   ) (  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

 (   )   (     )

}
 

 

 
   

  

Setting | |    we get the desired result. 

Theorem (5): Let a function      (             ). Then   is p-valently close -to-convex of 

order   (     ) in the disk | |      (             ), where 

  (               )

    
 

{
 

 (   ) (  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

    (     )

}
 

 

 
   

    

Proof: It is sufficient to show that  

|
  ( )

    
  |          | |                                                  (  ) 

We have  

|
  ( )

    
  |  ∑    

 

     

 | |     
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Thus  

|
  ( )

    
  |        

 if 

∑
   | |

   

   

 

     

                                                                            (  ) 

Since     (             ), we have 

∑
(  

(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

   (     )
      

 

     

 

Hence, (21) will be true if 

 | |   

   
  

(  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

   (     )
    

or equivalently 

| |  

{
 

 (   ) (  
(   ) 
(   )

)
 

[(   )   ( (     )  (   ))] (     )  

    (     )

}
 

 

 
   

  

     
Setting | |    we get the desired result. 
 

5- weighted Mean and Arithmetic Mean. 
Definition (3): Let    and    be in the class   (             ). Then the weighted mean    of 

   and    is given by  

  ( )  
 

 
,(   )  ( )  (   )  ( )-                 

Theorem (6): Let    and    be in the class   (             )  Then the weighted mean    of    

and    is also in the class   (             ). 

Proof: By Definition (3), we have  

  ( )  
 

 
,(   )  ( )  (   )  ( )- 

  ( )  
 

 
*(   )(   ∑      

 

 

     

)  (   )(   ∑      
 

 

     

)+ 

    ∑
 

 
[(   )     (   )    ]

 

     

   

Since     and    are in the class   (             ). So by Theorem (1), we get 

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )      

 

     

    (     )  
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and  

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )      

 

     

    (     )  
Hence  

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )

 

     

 (
 

 
[(   )     (   )    ])    

 
 

 
(   ) ∑ (  

(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )

 

     

       

 
 

 
(   ) ∑ (  

(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )

 

     

       

 
 

 
(   )(   (     ))  

 

 
(   )(   (     ))     (     ) 

There for      (             ). The proof is complete. 

Theorem (7): Let           defined by  

  ( )     ∑      
 

 

     

 (                       )              (  ) 

be in the class   (             ). Then the arithmetic mean of   ( ) (           ) defined 

by  

 ( )  
 

 
∑  

 

   

( )                                                                 (  ) 

also in the class   (             )  

Proof: By (22) and (  ) we can write  

 ( )  
 

 
∑(   ∑      

 

 

     

)

 

   

 

    ∑ (
 

 
∑    

 

   

)  
 

     

  

Since      (             ) for every (           ) so by using Theorem (1) we prove that, 

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )(
 

 
∑    

 

   

)  

 

     

 

 
 

 
∑ ∑ ((  

(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     ))

 

     

    

 

   

   

 
 

 
∑   (     )

 

   

    (     )  

There  for     (             ). The proof is complete. 
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6- Convex Linear Combination:  
Theorem (8): The class   (             ) is closed under convex linear combinations.  

Proof: Let    and    be the arbitrary elements of    (             ) Then for every  (     ) 

, we show that (   ) ( )    ( )    (             ). Thus , we have  

(   ) ( )    ( )     ∑ ,(   )

 

     

         - 
    

Therefore 

∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )  

 

     

 [(   )    

       ] 

 (   ) ∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )      

 

     

   

   ∑ (  
(   ) 

(   )
)

 

[(   )   ( (     )  (   ))] (     )      

 

     

 

 (   )   (     )      (     )     (     )  
This completes the proof.  
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