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ABSTRACT.   The aim of this paper is to study the generalization of the fuzzy normed space 

. we  discussed some theorems in fuzzy normed space and we have some new results on 

separation theorems . 
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                                               1.  INTRODUCTION 

The theory of fuzzy sets was introduced byZadeh [1] in 1965. After the pioneer work of 

Zadeh, many researchers have extended this concept in various branches of mathematics and 

introduced new theories like fuzzy group theory, fuzzy differential equation, fuzzy topology, 

fuzzy normed spaces etc. We are especially interested in theory of fuzzy normed spaces and 

their generalizations. In this paper , we have studied the continuity and boundedness in fuzzy 

normed spaces . T.K. Samanta and SumitMohinta [2] have introduced the concept of 

intuitionistic fuzzy  -normed space and discussed continuity and boundedness in this 

structure.We prove some separation theorem in fuzzy normed space. 

Keyword: -norm, fuzzynormed space , fuzzy continuity , fuzzy boundedness, separation 

theorem . 
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2. PRELIMINARIES 

Definition2.1([3]).Let    abinary operation on the set   ,   - , i.e .         is a 

function.   is said to be t-norm continuous ( triangular-norm) on the set   if the following 

axioms are satisfied : 

(1)         for all    . 

(2)          for all      ,(commutative ). 

(3) If       such that      then          for all     (monotone). 

(4)  (   )  (   )    for all         ,( associative ) 

(5)   is continuous . 

 

 

Remark2.2 ([3]). 

 (a)  for any         (   ) with         , there exist      (   )  such that    

         

(b)   for  any     (   ) ,there exist       (   )such that    

           

 

Definition 2.3([3]). Let   be a vector space over  ,  be a continuous t- norm on   ,   -,a 

function     (   )  ,   -is called fuzzy normif satisfies the following axiom : 

For all           , 

(1) (   )     

(2)  (   )          

(3)  (    )   .  
 

| |
/for all       

(4)  (   )   (   )   (       )  

(5)  (   ) (   )  ,   - is continuous, 

(6)        (   )   . 

(     ) is called fuzzynormed space. 

Lemma2.4([4]).  let (      )                    , then : 

( ) (   )is non-decreasing with respect to   for each       

(  ) (    )   (   )hence    (     )   (     )   
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Example 2.5([1]). let      define         for all       ,then 

                                                  (   )  [ 
| |

 ]
  

 

is fuzzy normed space. 

Remark 2.6. let (     ) be fuzzy normed space and let            

         then if   (   )       we can find    with            such that  

 (     )      

Definition 2.7.([4]).   let (      )  be  a fuzzy normed space .We define the          

B(     )                 ,     - with center    and radius  

       as follows : For     

 (     )   *       (     )     + 

 ,     -  *       (     )     +   

 

Definition 2.8.[5] let (      )                      A subset   of   is said  

to be open set , if for all           (   )     (   )such that    (     )    

Theorem 2.9.  In fuzzy normed space the intersection  finite numbers of open sets is open  . 

Proof : let (      )  be  a fuzzy normed space and let *              + be a finite 

collection of open set in fuzzy normed space ,let     *              +we must to 

prove   is open set. let                     

   open set         (   )           

  (       )             

Let       *          +            *          + 

  (       )                      

  (       )      

  (       )    

            

Theorem 2.10.  In fuzzy normed space, the union of an arbitrary collection of open sets is 

open . 

Proof: let (     )befuzzy normed space and let*       + be arbitrarycollection of open set 

in  .let    *       +we must to prove   is open, now let     then      for some 

   since    is open set then there exist   (   )     such that  (     )     and since 

     Then  (     )       is open set  
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Theorem 2.11.  let (   ) be fuzzy normed space if   is open set in vector space   and 

    then     is open set  in   

Proof : let     and     since   is open set then there exist   (   )such that 

   (     )     (     )        

   (       )      

                                                     is open set in   for all      

and since     *       + 

                                                    is open set in   

 

Theorem 2.12. Every open ball in fuzzy normed space (     ) is open set . 

Proof : let  (     ) is open ball and    (     )implies that  

 (     )        

Since  (     )      by remark (2.6) we can find        such that 

 (      )      

Let     (      )     since        we can find       such that  

           

Now for given    and   such that        we can find    ,         such that  

          

Now consider the ball   (           )we claim  (           )   (     ) 

Let    (           )then    (        )     therefore  

 (     )   (               ) 

  (      )   (        ) 

               

Therefore    (     ) and hence  (           )   (     )   

 

Definition2.13.([3]).Let (      )  be fuzzy normed space , then : 

(a)  A sequence *  +in   is said to be converges to   in   if for each    (   )and each 

      there exists       suchthat  

                       (      )        for all       

      (Or equivalently          (      ) =1 )  
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(b)  A sequence *  +in   is said to be Cauchyif for each    (   )andeach 

t    there exists       such that  

      (       )         for all       

 (    equivalently            (       )   )  

(c) A fuzzy normed space in which every Cauchy sequence  convergent is said to be 

complete(fuzzy Banach space ). 

 

Definition 2.14.([3]) let (      )  and (      )be two fuzzy normed spaces The function  

       is said to be continuous at         if  for all 

   (   ) and all      there  exist   (   ) and     such that for all     

 (      )       implies   ( ( )   (  )  )          

The function     is called continuous function,  if it continuous at every point of  . 

 

 

Theorem 2.15.([3]).      be a fuzzy normed space  over     Then the 

 functions                (   )       and  

              (   )         are continuous functions . 

 

Definition 2.16.  let (      )  be  a fuzzy normed space  and   is subset of     is said 

 to be bounded set if  there exist                        such that  

                                                  (   )           . 

 

Definition 2.17.([6]).  let (      )  and (      )be two fuzzy normed spaces the linear 

 functional       is said to be bounded if  (  ) bounded set in    for  

each     bounded set in         

*                      ( )                + 

 

Theorem 2.18. let   be linear functional of fuzzy normed linear space   into another fuzzy 

normed linear space   Then the following  statements are equivalent 

1-      is continuous 

2-      is continuous  at origin  

3-    is bounded 
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Proof:1   

 

Let   continuous and let *  +  any sequence in   convergent to   

By continuity of     (  ) converge to   

   is continuous at origin 

2    

Let*  +  any sequence in   such that                 

Since   is continuous at   then 

     (   )                  (   )         (    )        

        ((    )      )           ( (    )   ( ))   )       

    ((    )   )               ( (  )   ( ))      )       

            ((    )   )                 ( (  )   ( ))   )                    

              (  )   ( )      is continuous at   

Since   is arbitrary point      is continuous  

2   

Let   is continuous at         (   )                  (   )          

     (   )               ( ( )  )      

 

 let   is not bounded   there exist   is bounded set in   such that ( ) is not  

bounded in   then for all   (   )      such that  

 (   )       for all       and  ( ( )  )       for all  ( )   ( )   then   is  

not continuous for 0 that’s contradiction  

   is bounded  

3   

Let     and   is bounded set in   then     ,let   is not continuous at   

      (   )             (   )      

                        (     )         ( ( )   ( )  )      

   (   )         ( ( )  )      

   ( ) is not bounded in   since   ( ( )  )       for all    (   ) and  ( )  

 ( )that’s contradiction  

 

                                                  is continuous at  . 
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Definition 2.19.([3])  let (   ) be a metric space. Let          for all a ,b  ,   - 

and let    be fuzzy set on    (   )defined as follows : 

  (     )  
 

   (   )
   then (X,    ) is a fuzzy metric space . We call this fuzzy metric 

induced by a metric   as the standard intuitionist fuzzy metric . 

Definition 2.20.([3])  let (X,    )  be fuzzy metric space.       and        

     ,  the diameter of set   with respect to   is represented by  (   ) and is 

 defined by :       

 (   )  *  (     )          +  

The degree of nearness from   to    with  respect    is represented by  (     ) and  

is defined by :   

  (     )     *  (     )         +   

 The degree of nearness from   to    with  respect    is represented by  (     ) and 

is defined by :  

  (     )      *  (     )              +  

 

Remark 2.21.([3])if     and     then   (     )    for all       

 

 

3. Main result 

 

Definition 3.1.([6]) Let   be a vector space over   . The function           is called  

Sub-linear functional  on     if  

(1)  (   )   ( )   ( )for all         

(2)  (  )     ( )  for all                      

 

 

Theorem3.2.  let (      )  be  a fuzzy normed space we further assume that            

(  )                  ,   - 

Define       ( )      *     (   )     +        (   )     (   )  then  

*          (   )+  is sub-linear functional on    
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Proof : 

1-   ( )     ( )     *      (   )   + +    *      (   )   + 

        (   )                  (   ) 

            *         (   )         (   )    + 

          *        (   )     (   )        + 

     *        (        )      + 

    (   ) 

2-  if              (  )       ( )      *      (   )    + 

  (   )               (   )                   (   ) 

                       *(   )    (   )    +         ( ) 

if          (  )     *    (    )    + 

    {   (  
 

| |
)    } 

Let   t    
 

| |
        (  )     *| |     (   )   + 

  | |    *    (   )   + 

  | |   ( )        ( ) (since c   | |   ) 

                               is sub-linear functional  

 

Theorem3.3.  If    is open set in fuzzy normed space  (       )   satisfying the condition (  ) 

then  

  *        ( )   + 

Proof : let  B  *        ( )    + 

Let           (   )    (   )      (      )    

  (     )  *      (      )     +     

if        (since   vector space) 

  (     )  *     (   )     +    

Let             (   ) 

   (   )      

    ( )    
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If     

 (   )    (           )                               

  (      )   (    ) 

        (    ) 

Since     then  (    )     and  (    )    

Then  (    )  (   ) 

Let     (    )     (   ) 

                    (   )              (   )                                

     

            ( )       (   )             (   ) 

Let     1-         (   )           

 (   )         (     )         (     )    

      

   *        ( )     + 

 

Theorem 3.4.  let (      )    a fuzzy normed space  satisfying the condition 

(  )   and            is open set such that          then there exists 

    such that  (  )             ( )          . 

Proof :if     ,since      then      

let             

 

    ( )     *       (   )         (   )+        

                      is sub-linear  and    ( )             

Let   ,  -             *           +      is subspace of   

Define              (   )        

         and  ( )      ( )      

By Hahn Banach theorem                 ( )   ( )        

 

                                        ( )    ( )           

                 (  )   (  )   (    )    

and since      is open  set       =*         ( )   + 

 



 

 

 62 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.6    No.2   Year  2014 

Noori.F/Dunea.A 

if             ( )    ( )              

we must to prove   is continuous that’s equivalent to prove   is bounded 

let         ( )     ( ) 

if       ( )         ( )    

if                   (  )        ( )     

     ( )                    

   is bounded on the set   and   is open set  ,    

   is bounded . 

If       take  

                   

      

And Can prove same that last method . 

 

Theorem3.5.  let   and   disjoint ,nonempty, convex set in fuzzy normed space 

(     ).If   is open set in   ,then there is     and     such that 

 ( )      ( ) for all     and    . 

Proof:let        where            

Let               (   )  (   ) 

Since         convex    is convex and since   is open then   is open  

                 

             

     

we must to prove      

Let                            

   (   )  (   )                          

  (   )  (   )                       

           that’s contradiction  

By theorem (3.4) there exist             (  )    and   ( )              

Now         and        

          (      )    

  ( )   ( )   (  )    

  ( )   ( ) 
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Set      * ( )     + then it holds that  

 ( )      ( )               

To show that the first is strict , assume there is      such that  (  )       take  

    such that  ( )      

Since   open set then         then    (    )   (  )   ( )  

Which is contradiction (since  ( )   ) 

  ( )     ( )                  

Theorem 3.6. let (   ) be a locally convex fuzzy normed space and      convex , non 

empty, and disjoint subsets of   , if   is compact ,   is closed ,then there exists a continuous 

linear functional     and       such that  

                   ( )     ( )                  

Proof  :  let   isa neighborhood of    then  

      is open , convex set , and still disjoint from   

Now by theorem (3.5) there exists     and     such that  

 ( )     ( )                        

Since    is continuous and  is compact ,       (         ) then 

 (   )     ( )    ( )   ( )     ( ) 

 ( )     ( )   ( ) 

Put       ( )    

        ( )      ( )                                   

Theorem3.7. let   is convex , closed subset of fuzzy normed space (   )  and  let    

         then there exist       and      such that   

 (  )     ( )          

Proof : since      then put     (      )    (   ) 

if (      ) is open ball with center   and radius   then  (      ) is open and convex set 

and   (      )      

 By theorem (3.5) there exists     and     such that  

 ( )     ( )              (      ) 

     In particular                (  )     ( ) 
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 الملخص

ًقدم فً هذٍ الثحث  تعوٍن فً الفضاء الوعٍاري الضثاتً ,حٍث ًاقشٌا تعض هثزهٌاخ  الفضاء الوعٍاري الضثاتً وحصلٌا 

 على تعض الٌتائج الجدٌدج حول هثزهٌاخ الفصل فً الفضاءاخ الوعٍارٌح الضثاتٍح .

 

 

 

 

 

 

 


