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ABSTRACT 

   This paper introduces a 3D surface reconstruction of mathematical modelling by using 

blossoming, dependent on a parameter in the coefficient of the control points, the bi-

cubic B-spline surface in matrix form scheme can be utilized to obtain a better quality 

of reconstructed surface, by using different values of parameter of coefficients used for 

controlling generating 3D complex surface, which is not easy to recreate. The de-Boor 

method is used to upgrade the matrix form of 2D to bicubic 3D- b-spline surface 

depends on parameter value. The model can be seen more efficient of surface in 

comparison with that needed in conventional methods. The effectiveness of the 

proposed algorithm is illustrated through several comparative examples of 3D matrices 

surface. The change in surface is made without any change in the control points. 

Applications of the modeling in both the curve and surface can be used in many fields, 

such as banknote design, shape design, decorations, governmental document, and other 

documents, all of which are of high impotence. And it is used to find the appropriate 

solutions that prevent or reduce the forgery and counterfeiting of the important and vital 

documents 

 

 توليذ ومارج مختلفة  للسيطرة على  باستخذام ومورج رياضي سطح ثلاثي الابعاداعادة بىاء 

(B-Splineمه ا )مه دون تغيير وقاط السيطرة بصيغة المصفوفات لذرجة الثالثة 
 

 الخلاصة:

الاسرمطاب يعرًذا  تاسرخذاو صٍغحيٍ اعادج تُاء ًَىرج سٌاضً  الأتعاد حسطىذ ثلاثٍهزا انثسث ٌُرح      

اسرخذاو تالإيكاٌ   تصٍغح انًصفىفح( يٍ انذسخح انثانثح bi-b-Spline), لَماط انسٍطشجانًرغٍشاخ فً يعايلاخ 

الأتعادوانزي نٍس  يٍ انذسخح انثانثح ثلاثًيعمذ  سطىذذىنٍذ  ذسرخذو نهسٍطشج عهى لٍى يخرهفح نًرغٍش انًعايلاخ

تألأعرًاد عهى  الأتعاد ثلاثً الأتعاد انى ثُائً نرغٍٍش انسطر يٍ  (De-Boor)اسهىب واسرخذذى ا .يٍ انسهم ذمهٍذِ

فً عُذ انرأثٍشاخ ولأسانٍة انرً ذىصهُا انٍها يهًىسح انكفاءج  نًُارجا. انًصفىفح دسخح يٍ خلال ذغٍٍش انًرغٍشاخ 

كفاءج انًُىرج وضسد يٍ خلاخ يدًىعح يٍ انرطثٍماخ عهى انًصفىفاخ وانرً  .اكثش يٍ انطشق انرمهٍذٌح انسطر

دشي يٍ دوٌ ذ انراثٍشاخ عهى انسطر, انى زانح انشسى ثلاثً الأتعاد وضسد تالأيثهح وانشىاهذ انفاعهح نهىصىل

ًٌكٍ الاسرفادج يٍ اسرخذاو كلا انًُىرخٍٍ انًُسٍُاخ وانسطىذ فً كثٍش يٍ انرطثٍماخ  .ذغٍٍش َماط انسٍطشج نهسطر
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 وغٍشها يٍ انىثائك انرً ذكىٌ نها اهًٍح ,سدلاخ انسكىيٍحانانزخشفح,  انعًهح انُمذٌح, شكم انرصًٍى, كرصًٍى

 .م يٍ ذزوٌش انىثائك انًهًح وانسٍىٌحواٌداد انسهىل انًُاسثح انرً ذًُع او ذمه
 

INTRODUCTION 

D surface reconstruction from mathematical modelling is used in the field of computer 

graphic. Parameters (t, s) coefficient of the control points are used widely to express 

computer 3D modelling. It can be used for controlling the generating of different 

modelling 3D complex surfaces, by using blossoming [1], [2], [3]. And, it can find the 

appropriate solutions that prevent or reduce the forgery and counterfeiting of the important and 

vital documents. Mathematical technique is used to generate blossoming of cubic B-spline 

surfaces by using de-Boor algorithm in matrix form. (Gallier [1] is used arithmetical technique 

to generate B-spline curve by using de Boor algorithm in blossoming). Recently, the authors 

[1]-[3] developed the cubic B-spline scheme, by using the blossoming. The surface involved 

contains two variables, natural way to polarize polynomial surface. The approach yields surface 

{also called tensor product two matrices} [4]. Finally, our work gives mathematical technique 

dependent on the method of blossoming that is used to find bi-cubic b-spline surfaces  

    Coefficient of (16) control points.  One can see many case studies that made the designer 

control the generation of the different modeling surface. The result of this work is organized as 

follows: Section 2 defines the cubic B-spline curve and Bicubic B-spline surface in matrix form. 

Section 3 introduces surface in the blossoming in both the curve and surface in matrix form. 

Section 4 introduces blossoming method for generating cubic b-spline curves in matrix form. 

Section 5 introduces blossoming modified modelling for generating Bicubic spline surface in 

linear form. This paper provides several comparative examples of controlling the generating of a 

bicubic B-spline surface by using difference cases dependent  on parameters ti and s j (for i, j= 

1,2 and3), and finally the contributions of this paper are summarized in Section 6, and 7.    

         

Backgrounds   

    De-Boor algorithm is an algorithm that uses a sequence of four control points to construct a 

well-defined curve F(t) at each value of t from 0 to 1. This provides a way to generate a curve 

from a set of points. Changes in the points will change the curve. F (t) defined as: [5], [6]. 
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Putting this equation in matrix form yields:- 

F (t) =  TMP
6

1
                                                                                             … (1)   

Where    
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     Eq. (1) is the original (classical) cubic B-spline curve that is dependent on interval in [0, 1] 

in matrix form,. Now a sequence of 16 control points are used to define surfaces 

(Mathematically said to be generated from the Cartesian product of two matrices) bi-cubic B-

spline surface is defined as:  [7], [8]. 

3 
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F (t, s) =  SMTMP
36

1
 TT

ij                                                                                      … (2)   

 

Where MT is the transpose of matrix M.            

 Pij =





















33323130

23222120

13121110

03020100

pppp

pppp

pppp

pppp

,  ,123 sssS  where t[0, 1],  s[0, 1],

  

Eq. (2) is called the original (classical) Bi-cubic B-Spline surfaces in matrix form. 

 

Bi-polynomial Surface in Blossoming 

    A method of specifying polynomial construction of the curves is based on blossoming form. 

We are now ready to see the actual blossom associated with degree -3 polynomial, the blossom 

of F (t) is a function of f(t1, t2, t3 ) that satisfies the following: [1],  [10]. 

1-f is linear in each variable ti, for i=1, 2, 3. 

2-f is symmetric, order of variables is irrelevant. Thus f(t1, t2, t3 )=f(t2, t1, t3)=f(t1, t3, t2)=f(t2, t3, 

t1)=f(t3, t1, t2)=f(t3, t2, t1).  

3-The diagonal f (t, t, t) of f = F (t). Requirement 1 suggests the name "multilinear function."  

Given F (t), such a multiafine function is easy to derive and is also unique. Here are the 

properties of blossoming (polar form) to cubic polynomial: 

Degree: 0 =f = a0 

Degree: 1 = f (t1) = a0 + a1 t1.       

                            

Degree: 2 = f (t1, t2) = a0 + a1 
2

tt 21  + a2 t1t2        

                          

Degree: 3 = f (t1,t2,t3)=a0  + a1 
3

ttt 321 
+ a2 

3

tttttt 323121 
   + a3 t1,t2,t3   

                                                                                                       

    It is easily generalized to be bi-parametric in a bipolynomial surface [1] [2]. A point on the 

surface is given by bi-parametric function and a set of blending or bas is the function used for 

each parameter. Now the study investigates the possibility of defining bi-polynomial surface in 

terms of polar forms. Note that they are intentionally denoting (t×t×t×s×s×s), instead of t3× s3, 

to avoid the confusion between the affine space A3 and the Cartesian product A×A×A. Linearity 

is used to explain how to polarize a monomial F (t, s) of the form t3 s3 with respect to the 

bidegree  3,3 . In order to find the polar form f (t, t, t; s, s, s) of F viewed as a bi polynomial 

surface of degree,  3,3 polarizes each of the F (t,s) separately in t and s, it is quite obvious 

that the same result is obtained if you first polarize with respect to t, and then with respect to s, 

or conversely. 

 

Method for Generating Cubic Spline Curves 

     To find  the spline in Blossoming, one can find  control points from f(uk+1, …,  uk +m), where 

ui is real numbers, k integer number taken from sequence of  2m knots {u1, u2... u2m}, of such 

length that satisfies certain inequality conditions[1], [10], [11]. Using de-Boor algorithm points 

to calculate the cubic curve f (t, t, t), degree three (m=3), can be used to find 4 control points in 

the form f(uk-2+i, uk-1+i,  uk+i), 0  i 3. Taken from the sequence {uk-2+i, uk-1+i , uk+i, uk+1+i, uk+2+i 

uk+3+i  }, it is said to be progressive if it yields 4 sequences of consecutive knots (uk-2+i, uk-1+i,  

uk+i), each of length 3  where 0   i  3, and these sequences turn out to define 4 de-Boor 



Eng. &Tech.Journal, Vol.34,Part (B), No.1,2016       3D Surface Reconstruction of Mathematical modelling Used for   

                                                                                            Controlling the Generation of Different Bi-cubic B-Spline  in   

                                                                                           Matrix Form without Changing the Control Points 

 

139 

 

control points for the curve segment fk associated  with the middle interval [uk ,  uk+1]. fk is the 

polar form of segment Fk. Then the de Boor control points are obtained from the given sequence 

{uk-2, uk-1 , uk, uk+1, uk+2,  uk+3}, one can say the sequence is progressive iff the inequalities in the 

following array hold:  

uk-2             

uk-1                   

uk                              

             uk+1     uk+2      uk+3 

This is explained as follows:- 

    At stage 1 uk-2  uk+1, uk-1  uk+2, and uk  uk+3, this corresponds to the inequalities on main 

descending diagonal of the array of inequality conditions. 

    At stage 2 uk-1   uk+1, uk   uk+2, this corresponds to the inequalities on second descending 

diagonal of the array of inequality conditions. At stage 3 uk   uk+1, this corresponds to third-

lowest descending diagonal of the array of inequality conditions. The new de Boor algorithm for 

calculates f (t1,t2,t3) at each value of t is 1kk utu  . See Figs.1, and 2. From stage 3, f (t1,t2,t3) 

is given by : [1], [10].   

 

f(t1,t2,t3)= (1-λ6)f(t1,t2,uk)+λ6f(t1,t2, uk+1)                                                            …(3) 

From stage 2, f(t1, t2,  uk) and f(t1, t2,  uk+1) are given by:  

  f(t1,t2,  uk)=(1-λ4)f( t1, uk-1, uk) +λ4f( t1, uk,  uk+1),                                               …(4) 

 

f(t1,t2,uk+1)= (1-λ5)f( t1, uk,  uk+1)+ λ5 f( t1, uk+1,  uk+2).                                        …(5) 

From stage 1, f( t1, uk-1 ,uk), f( t1, uk .uk+1), and f( t1, uk+1,uk+2)are  given by:  

f( t1, uk-1,  uk)= (1-λ1) f( uk-2, uk-1,  uk) + λ1 f( uk-1, uk,  uk+1 ) ,                               …(6) 

 

f( t1, uk,uk+1) = (1-λ2)f( uk-1, uk,  uk+1) +λ2 f( uk, uk+1, uk+2)                                   …(7) 

 

f( t1, uk+1,uk+2) =(1-λ3)  f( uk, uk+1,  uk+2)+λ3f( uk+1, uk+2,  uk+3).                           …(8) 

Substitution of equations {4, 5, 6, 7, and 8} in (3) gives 

Fk=fk(t1,t2,t3)=(1-λ6)(1-λ4)(1-λ1)[ f( uk-2, uk-1,  uk)]+{(1-λ4)(1-λ6)λ1+(1-λ2)(1-λ6) λ4+(1-λ2)(1-λ5) λ6} 

f( uk-1, uk,  uk+1) +{λ2λ4(1-λ6)+λ6(1- λ5)λ2 

 +(1λ3)λ5λ6}f(uk,uk+1,  uk+2)                                                                                             

+ λ3λ5 λ6 f( uk+1, uk+2,  uk+3).                                                                                … (9)   

                                                          

Suppose f( uk-2, uk-1,  uk)],  f( uk-1, uk,  uk+1), f(uk,uk+1,  uk+2), f(uk,uk+1,  uk+2)= p0,p1 ,p2 ,p3 are 

control points and Eq (9) becomes. [1], [10].   

fk(t1,t2,t3)=(1-λ6)(1-λ4)(1-λ1)p0+{(1-λ4)(1-λ6)λ1+(1-λ2)(1-λ6)λ4+(1-λ2)(1-λ5)λ6}p1+ {λ2λ4(1-

λ6)+λ6(1-λ5)λ2 +(1-λ3)λ5λ6}p2+λ3λ5λ6 p3.                                                   …(10)    

                         
Eq (10) is formula of a modified cubic spline curve. 

 

Method for Generating Cubic Spline Curves in Matrices Form  

It is easy to show that See Figs.1 and 2. 
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By substituting λi (for i= 1 to 6), in Eq (10) from the first point you can see  

(1-λ6)(1-λ4)(1-λ1) P0= {
))()((
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In the same way find other points as follows:- 

fk(t1,t2,t3) = {
1

1 kk uu 
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}.                                      .... (11)                                                                        

The above system (Eq (11)) simplified to the following   

fk(t1,t2,t3)= {
1

1 kk uu 
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   It can also be seen that the above system (Eq (12)) can be put in the following system of 

equations:-  
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Now simplify the above equations in matrices form as follows:-    
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Now put Eq (12) in the following simple form:-                                                                       

fk(t1,t2,t3)=
kk uu 1

1
{ [ B0+B1+B2+B3] p0+[ B4+B5+B6+B7] p1   

        + [ B8+B9+B10+B11]} p2  +[ B12+B13+B14+B15] p3.                               … (13)    

Eq (13) can be put in the following matrices form:-                                                                                         

fk(t1,t2,t3)=  
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,         ... (14)    

  It is an easy method used to upgrade of above equation to 2D B-spline curve by using the set 

of points as, [12]. 

pi=(xi, yi) for i=0, 1, 2, 3.  

The coordinates of each point are treated as a two-component vector. That is 

Pi=
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i

y

x

.                   

The set of points, in parametric form is 

F (t) = 
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tx

,        1 kk utu                                                 … (15)   

    Eq (14)  is a formula of a modified mathematical modelling 2D B-spline curve in matrices 

form of degree three .The  curve  is  defined  by de-Boor algorithm for the curve segment f(t1 , t2 

, t3 )   associated  with the middle intervals [uk ,  uk+1]. 

 

Comparison with Original Cubic B- Spline in Matrices Form. 

    Now a comparison between Eq(14), and Eq(1) can easily be made by using t1=t2=t3=t and 

k=0, the sequence {uk-2, uk-1 , uk, uk+1, uk+2, uk+3}becomes (u-2, u-1 u0, u1 u2, u3), and using  

uniform knot sequence. (u-2, u-1 u0, u1 u2, u3)=(-2, -1, 0, 1, 2, 3), implies uk = u0 =0, uk+1 = u1=1, 

and t[0, 1], (0 t 1), Eq. (14) becomes: 
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F (t) =  
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F (t) =  
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Or in simple form   

F (t) =  TMP
6

1
 i                                                                                          … (16)                                                                             

Eq (16) is identical to Eq (1). 

 

Bi-cubic Spline in Matrices Form  

     Consider points in the form f(uk-2+i, uk-1+i,  uk+i; vl-2+j, vl-1+j,  vl+j), (0  i 3)(0  j 3), k and 

l are integers, suppose the bidegree is  3,3 where ui and vj are real numbers taken from the 

knot sequence, {uk-2+i, uk-1+i , uk+i, uk+1+i, uk+2+i uk+3+i; vl-2+j, vl-1+j , vl+j, vl+1+j, vl+2+j vl+3+j }, of 

length (4m= 12) satisfying certain inequality conditions. The same natural way can be used to 

polarize polynomial surfaces to find second variable s [1], [2], [3]. Now the de-Boor algorithm 

can be discussed in some detail in bipolynomial surfaces. De-Boor algorithm can be generalized 

very easily to bipolynomial surfaces by using the following inequalities indicated in the 

following array:  

vl-2+j             

vl-1+j                 

vl+j                               

              vl+1+j    vl+2+j    vl+3+j 

That is explained as follows:- 

 At stage 1 vl-2+j     vl+1+j, vl-1+j     vl+2+j and vl+j    vl+3+j. 

      This corresponds to the inequalities on main descending diagonal of the array of inequality 

conditions. At stage 2 vl-1+j  vl+1+j , vl+j  vl+2+j. This corresponds to the inequalities on 

second descending diagonal of the array of inequality conditions. At stage 3 vl+j vl+1+j. This 

corresponds to third lowest descending diagonal of the array of inequality conditions. The same 

way is used to find second parameters f (s1 , s2 , s3)  in matrices form. It is easy to show that: 
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Put the above in the following matrix form:-   

fl (s1 , s2 , s3) =  
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    It is easy to show that the above equation is a formula of a modified cubic spline curve in 

matrix form of second variable s. Now from the fact that modified mathematical bipolynomial 

surface, of bidegree  3,3  mathematically comes from product of two matrices defined as:    

f (t1 , t2 , t3 ; s1 , s2 , s3)   =  
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It is an easy method used to upgrade the above equation to 3D of bidegree  3,3 by using the 

set of points as,, [12]. [13]. 

pi=(xi, yi,  zi) for i=0, 2,.,15.  

The coordinates of each point are treated as a three-component vector. That is 

Pi=
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The set of points, in parametric form is 

F (t,s) =  
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Eq(17) i.e. is modified mathematical modelling of bi-cubic 3D B-spline surface  in matrix form 

obtained by using blossoming. The  surface is  defined by de Boor control points for the surface 

segment f(t1 , t2 , t3 ; s1 , s2 , s3)   associated  with the middle intervals  [ uk .  uk+1]and[vl, vl+1] . 

 

Comparison with Original Bi-cubic B-Spline Surfaces. 

     Now a Comparison between Eq(17), and Eq(2) can easily be made by using (t1=t2=t3=t , 

s1=s2=s3=s), and k=0,l=0 the sequence {uk-2, uk-1 , uk, uk+1, uk+2, uk+3; vl-2, vl-1, vl, vl+1, vl+2 

vl+3}becomes (u-2, u-1 u0, u1 u2, u3; v -2, v -1 v 0, v 1 v 2, v3), and using  uniform knot sequence. (u-2, 

u-1 u0, u1 u2, u3)=(-2, -1, 0, 1, 2, 3), implies uk = u0 =0, and uk+1 = u1=1, then t[0,1],  (v -2, v -1 

v 0, v 1 v 2, v3) =(-2, -1, 0, 1, 2, 3), implies vl = v0 =0, and vl+1 = v1=1, then s[0,1],  and (17 ) 

becomes:        

   

 f(t,t,t;s,s,s) =F(t,s)  =  SMTMP
36

1
 TT

ij                                                          …  (18)             

Eq (18), is original bi-cubic spline surface dependent on frame [0, 1]2. It is identical to Eq (2) 

which is bi-cubic B-spline surfaces in matrix form.  

 

Discussion and Conclusions 

    In this paper, we use a mathematical technique dependent on the method of Blossom used to 

find 3D bi-cubic b-spline surfaces in matrix form in Eq (17). This equation is dependent on 

parameters ti, and sj (for i,j= 1, 2, 3), coefficient of (16) control points. Now we can study in the 

following many different cases of the control of generation of the surface by using Eq (17) 

dependent on parameters ti, and sj: 

 A.  First technique, one can see that controlling the generation of the surface and of change is 

dependent on the change in  value of the parameters ti or sj (for i, j = 1or 2 or 3), at all parts of 

Eq (17),  as seen in the following different properties: 

1. Using the parameter ti increases values, of (i.e. using +ti) and decreases values of ti (i.e. by 

using – ti ) the surface to be changed moves to the exterior at increases, and to interior at 

decrease. See Figs. 4, 5, 7, and 8. 

2. Using the parameter sj increases values, (i.e. by using + sj) and decreases values of sj (i.e. by 

using – sj), the surface to be changed moves to the exterior at increase, and to interior at 

decrease. See Figs. 6, 7, and 8. 

3. Using the parameters ti is taken to increase (decrease) the moving in exterior (interior). One 

can see that controlling the generation of change is dependent on change in the value of + t1 (-

t1). The changes took place without change in the control points. See Fig 9. 

B. Second technique, one can see that control on the generation of change is dependent on 

change in the value ti and sj at the same time (for i, j = 1or 2 or 3), at all parts of Eq (17) as seen 

in the following different properties:- 

1. The parameters ti and  sj  are taken to increase (i.e,. by using  + ti, and + sj) at the same time, 

or by using the parameters ti and  sj,  are taken to decrease (i.e., by using - ti , and - sj)  at the 

same time. One can see the following: 

The parameters ti  and  sj increase (i.e., using + t1, and +s1) and are taken at the same time. The 

surface to be changed moves to the exterior in symmetric direction, but not same shape, 

depending on the values of  ti and sj  (ti = sj   or ti > sj  or   ti  <sj ). All these effects are both similar 

and different in direction from them, and by using (+ti  ) only or  (+ sj ) only . See Figs. 10, 11, 

12, 13, and 14. 

C. The parameters, ti, and   sj are taken to be different values (one increases, and other deceases) 

at the same time. (i.e., using + ti and - sj) at same time in one case, and - ti and + sj at same time 

in another case). The surface to be changed moves to the interior (dependent on the values of ti 

and sj). See Figs.15, 16, and 17. 

D. All above effects on the surface take place without change in the control points. 
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Figure 3 By using (t1=t2=t3=t , s1=s2=s3=s), and k=0,l=0 the sequence {uk-2, uk-1 , uk, uk+1, uk+2, 

uk+3; vl-2, vl-1, vl, vl+1, vl+2 vl+3}becomes (u-2, u-1 u0, u1 u2, u3; v -2, v -1 v 0, v 1 v 2, v3)  , and by using  

uniform knot sequence. (u-2, u-1 u0, u1 u2, u3)=(-2, -1, 0, 1, 2, 3), implies uk = u0 =0, and uk+1 = 

u1=1, then t[0,1],  (v -2, v -1 v 0, v 1 v 2, v3) =(-2, -1, 0, 1, 2, 3), implies vl = v0 =0, and vl+1 = 

v1=1, then s[0,1]}. Changing in the surface is dependent on on change in the control 

points of the surface. 
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Figure.1. the de Boor Algorithm on cubic case of degree three 
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Figure(2). Linear Curve 
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Figure(4) The parameter ti is taken to be 

increased (i.e. by using +ti ). The surface 

to be changed moves to the exterior, 

without change in the control points. 

  

 

Figure(5) The parameter ti is taken to be 

increased in first, and decreases in 

second, the surface to be changed moves 

to the opposite direction. 

  

 

Figure(6) The parameter sj is taken to be 

increased (i.e.by using +sj ), the surface to be 

changed moves to the exterior, without change 

in the control points. 

 

 

Figure(7) The parameters are taken to be 

increases ti in the first, and sj in the second, 

the surface to be changed moves to the 

exterior, thus the effect is both similar and 

different direction from them. 

 

Figure(8) The parameters  ti, are taken  to be increases( i.e. +ti)  in the first, decrease( i.e. –ti)  in 

the second and sj is taken  to be increases( i.e. +sj )  in the first, decrease ( i.e. – sj ) in the second. 

The surface to be changed moves to the opposite between using + ti, and - ti, or + sj, and – sj, 

symmetric,   between using + ti, and +sj, or - ti, and – sj effected. 
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Figure(13) Comparison between three effects by using (+ti ) only or  (+ sj ) only, and 

from using  ti and  sj are taken to increase( i.e.  ti = sj    or ti > sj  or   ti  <sj)   at the same 

time for example. Note that the surface to be changed in exterior, thus the effect is both 

similar and different direction from them. 

Figure(9). the parameters ti is taken to be 

increased (i.e. +ti), the surface to be changed 

moves to the exterior. Can see the controlling on 

changing of the surface dependent on changing 

the value of (+ti ). 

 

Figure( 10) The parameters  ti and  si 

( where  ti = sj  ) are taken to be 

increase at same time. 

 

Figure(11) The parameters ti and  sj ( where  

ti > sj ) are taken to be increase at same time. 

 

Figure( 12).The parameters ti and sj (where 

ti  < sj) are taken to be increase at same 

time. 
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