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Abstract

In this paper we introduced new type of separation axioms called s-coc-separation axiomsand
we introducedtypes of continuous functionsand study the relation among them. We studiedthe
definitions of s-coc-separation axioms ,properties and relation among them .
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Introduction
This paper consist of three sections . In section one we study definition of s-coc-open set and
locally s-coc-closed set and study some properties . In section two study s-coc-continuous , s-
coc’-continuous and we prove propositions . In section three we defined new types of s-coc-
separation axioms and we introduced relation among them .

Definition : - (1.1) [5]

A subset A of a space (X, 1)is called a cocompact open set (coc-open-set) if every x € A there
exists open set U € X and compact subset K such that x € U—- K € A , the complement of
coc-open set is called coc-closed set .

Definition :- (1.2) [7]
Asubset A of space X is called a semi open set (s-open) if and only if A € A° and Ais called
s-closed if and only if A® s-open.

Proposition (1.1)[6]

For any subset A of space X the following statements are equivalent .
1) Aiss-open set.

) A=A

3) There exists open set G suchthat GE A S G




Remark (1.1) [7]
Every open set is semi-open .but the convers is not true

Proposition (1.2) [2]
For any subset A of a space X the following statements are equivalent
1. Aiss-closed

2 A =4
3. There exists closed set F in X suchthat F° € AcC F

Definition (1.3)

A subset A of a space (X, t) is called semi-cocompact open set (s-coc-open-set) if for every
X € A there exists s-open set U € X and compact subset K such thatx € U—-K C A, the
complement of s-coc-open set is called s-coc-closed set .

Remark (1.2)
Every coc-open set is s-coc-open set .but the convers is not true for the following example

Example (1.1)
Consider the space X = {1,2,3,4, ....},T = {0,X,{2},{3},{2,3}} topology on X, A = {1,2} s-
coc-open set but not coc-open set.

Remark (1.3) :-
i- Every open set is s-coc-open set .
ii- Every s-open set is s-coc-open set .

proof:
i. Let A open set. Then A s-open and K compact.Then forall x e Awehavex € A—K C
A.
ii.Clear .
but the convers is not true for the following example :-
LetX ={1,234,...},t = {0,X {2}}. Itis clear that {1} s-coc-open set but not open and not
s-open set .

Remark (1.4) :-
1. The intersection of open set and s-open is s-open [7] .

2. The intersection of two s-coc-open is s-coc-open set .

3. The intersection of s-coc-open and coc-open set is s-coc-open
4. The union of s-coc-open is s-coc-open set

5. The intersection of s-coc-open sets and open set is s-coc-open

Proof: -
2. Let A and B s-coc-open sets. To prove A N B is s-coc-open set. And let AN B is not s-

coc- open set.Then there exists x € A N B such that for all V, s-open set and Kcompact
xEV,—KZANB. ThenxeV,—KZ A orx €V, — K& B. Then Ais not s-coc orB is
not s-coc-open set. This contradicationsinceA , B s-coc-open sets. Then A N B is s-coc-open
set.



3. Let A s-coc-open set and B coc-open set .sinceB coc-open then B s-coc-open. Then
A n B is s-coc-open set by (2)

4. {A,:a € A}s-coc-open set .let x eU A, .Thenx € A, for some a € A.Thenthere exists
U, s-open set and K, compact such thatx € U, — K, € A, SUA, thenx e U, — K, CU
A, ;then U A, s-coc-open set .

5.Let A s-coc-open set and B open set .Then for all x € A there exists U s-open set and K
compact such that x e U—-K S A, since U s-open and B open ,then AN B s-open by
(1),then x€ (U—-K)NB<S ANB  then x € U—K°NB < ANBthenx € (UNB) —K S
ANBthen A N B s-coc-open set.

Remark (1.5) :-
1. The coc-open sets forms topology on X denoted by t™ [9]

2. The s-coc-open sets forms topology on X denoted by Tk
3. Every s-closed is s-coc -closed but the converse is not true for example

Example(1.2)
Let X ={1,234,....},t ={0,X,{2},{3},{2,3}} topology on X and A = {1,2}s-coc-open
set thenA® = {3,4,5,6, .... } s-closed but A€ not s-closed .

Proposition (1.3)
Let X and Y be topological spacesand A € X, B € Ysuch that A s-coc-open set in X and B s-
coc-open set in Y then A X B is s-coc-open subset in X X Y.

Proof :-

Let(x,y) e AXx B, then x € A and y € B .Since A is s-coc-open in X . Then for all x € A
there exists U s-open set and K; compact such thatx € U —K; € A. Since B is s-coc-open
inY . Then for all y € B there exists V s-open set and K,compact such thaty € V- K, € B
Since U and V are s-open sets ,ThenU € UcandVEV° thenUXxVCU°xV° cU° xV° C
(U X V)°.Then U x V € (U x V)°, thenU x V s-open in X x YandK; x K, compact in X X Y
.Then for all (x,y) € A X B there exists s-open U XV =W and K; x K, = K compat such
that (x,y) € W — K € A x B therefor A x B s-coc-open in X X Y.

<

S-COC-0pen s-goen

coc-open < / open




Definition (1.4)
Let X be space and A < X. The intersection of all s-coc-closed setsX containing A called the

s-coc- closure of A defined by A =n {B: B s-coc-closed in X and A € B}

Definition (1.5)[5]
Let X be space and A < X. The intersection of all coc-closed sets X containing A called the

coc-closure of A defined byZCOC =N {B:B coc-closed in X and A € B}

Proposition (1.4)

—S—cocC
Let X be a topological space and A < Xthen A is the smallest s-coc-closed set containing
A.

Proof
Clear .

Proposition (1.5)[5]
Let X be a topological space and A € X ,thenx € 2°°if and only if for each coc-open in X
contained pointxwe have UNA # @ .

Proposition (1.6)
Let X be a topological space and A € X, thenx € 4 “ifand only if for each s-coc-open in

X contained pointxwehave UNA + @ .
Proof :

Assume that x€ 4 and let U s-coc-open in X such that x € U , and suppose U N A #
@thenA < UF€. SinceU s-coc-open set in X and x € U then U® s-coc closed set in X and x ¢

Uand Zs_wcis smallest s-coc-closed contain A thenZS_COC c U¢ . Since UNnU®=¢ and
xeUthenx g USthenx g 4

Conversely :-

Let U s-coc-closed set in X such that x € U and UN A # @.To provex € A7 Let x ¢
—s—coc —S—coc A —S—coc . A —Ss—coc A A
A then x € (A )€, since A is s-coc-closed in X , (A )€ is s-coc-open in

—S—CocC —S—CcocC

Xand 4 n@ Y=g ThenAn (A )=¢ sinceAS (A ) .Thisisa
contradiction since for every s-coc-open setUinX , UNA # 0.

Proposition (1.7)
Let X be a topologlcal space and A < B then

i- (@ “)cis s-coc-closed set

—S—coc

ii- Aiss-coc-closed ifand only if A=A
... —s—coc —s—cocsS—cocC
- A =
. —S—CcocC —S—CcocC
iv- IfACS Bthend cCB

—S—CcocC —_
v- A cA

—s—coc _ —coc
cA

vi- A



Proof :-
i- By definition of s-coc-closed set.

. . . . —S—coc —S—cCcocC
ii- Let A iss-coc-closed in X.Since Ac 4 and 4 smallest s-coc-closed set
—S—CcocC

.. —S—cocC S
containing A , then A CAthenA=4
conversely :-

—S—cCcoc . —S—cocC .
LetA=A4 . Since4 is s-coc-closed then A is s-coc-closed.
iii- From (i) and (ii)

iv- LetAS B . SinceB< B then A C ZS_COC.Since ZS_COC smallest s-coc-closed set
containing Athen4° € B

v- Letxe A then for all s-coc-open set U such that xeU we have UNn A # @ .Then
for all open set U such that xeU we have Un A # @ by proposition (1.5). Then x€ A .

vi- by proposition(1.6) and proposition(1.5).

Definition (1.6)
Let X be space and A < X. The union of all s-coc-open sets of X containing in A is called s-
coc-Interior of A denoted by A°$7°¢ =U {B:Bs — coc — open in Xand B € A}

Definition (1.7)[5]

Let X be space and A € X. The union of all coc-open sets of X containing in A is called
coc-Interior of A denoted by
A°°°¢ =U {B:B coc —openinXandB < A}

Proposition (1.8):-
Let X be a topological space andA € X, then A°S7¢°€ is the largest s-coc-open set contain A

Proof :
Clear.

Proposition(1.9)
Let X be a topological space and A € X, then x € A°S7¢°€ if and only if there exists s-coc-
open set V containing xsuchthatx e VC A,

Proof :

Let x € A*57¢°¢ thenx €U U suchthat U s-coc-opensetandx e VS A .

Conversely

Let there exists V s-coc-open set such that x e V€ Athenx e UV, V € A and V s-coc-open
set then x € A®S™¢°¢,

Proposition(1.10)[5]
Let X be a topological space and A € X, then x € A°°¢ if and only if there exists coc-open
set V containing x suchthatx e VS A.



Proposition (1.11)

Let X be a topological space and A € B < Xthen .
1. A°S7¢CCis s-coc-open set .

2. Ais s-coc-open if and only if A = A°S¢0€,

3. A° c AsTeoc

4. A°S—coc — (AOS—COC)OS—COC.

5. ifA € B then A°S~¢¢¢ c Bes—coc,

6. A" g pvseoc
Proof :-

1. and 2. from definition (1.5)

3. Letx € A°57¢°“then there exists U open set such that x € U € A then U s-coc-open set
then U s-coc-open set such that x € U € A thus x € A°5~¢°¢

4.from (1) and (2).

5.Letx € A°57¢°¢ then there exists Vs-coc-open set such that x € V € A by proposition(1.9),

since A € B then x € V € B.Then x € B°*S~¢°¢ by proposition(1.9) . Thus A°*$7¢%¢ c
BOS—COC.

6. By proposition(1.10) and proposition (1.9)

Proposition (1.12)
Let X be a space and A C X, then (A€)°S¢°¢ = (A" )¢
Proof
—S—cocC —S—cocC .

Let x € (A9)**7°“and x ¢ (A )¢ .Thenx € A .Then for all x € A there exists U s-
coc-open setsuch that UNA # @ by proposition (1.6) . Since (A€)°$~¢°¢ s-coc-open set then
(A)57°“NA # @.Then (A°)*$7¢¢ c A° thenA n A # @.This is contradiction Thus

—S—cocC —S—cocC —S—CcocC —S—cocC
x€E (A )€ .Then (A¢)*5~¢°¢ c (A )¢, letx € (A )¢thenx ¢ A . Then there
exists U s-coc-open set such that UNA # @ .Then U < A° ThereforeU**~<°¢ c

—S—CcocC

(A°)"S=€0¢ Thus x € (A)*S€°C then (A°)*S~¢ = (4 ).

Definition (1.8):-[1]

Let X be a space and B any subset of X, a neighborhood of B is any subset of X which
contains an open set containing B . The neighborhoods of a subset {x} is also neighborhood
of the point x .

Remark (1.6)
The collection of all neighborhoods of the subset B of X are denoted by N(B). In particular

the collection of all neighborhoods of x is denoted by N (x).



Definition (1.9)

Let X be a space and BS X , an s-coc-neighborhood of B is any subset of X which contains an
s-coc-open set containing B .The s-coc-neighborhood of subset {x} is also called s-coc-
neighborhood of the point x.

Remark (1.7)
The collection of all neighborhoods of the subset B of X are denoted by Ng_.,.(B) in

particular the collection of all neighborhoods of x is denoted by Ng_ .. (x).

Proposition (1.13)
Let (X, 1) be a topological space and for each € X, let Ng_.,.(x) be a collection of all s-coc-
neighborhoods of x then :-
i. If A€ Ny_coc(x)suchthat A € B then B € Ng_,-(x)
ii. IfA,B € Ns_coc(x)then AN B € Ng_oc(x) suchthat 4,B € X
iii. If Ay € Ng_coc(x) then UA, € Ng_coc(X)
Proof
i- Since A € Ny_.,.(x) then there exists U s-coc-open set such thatx € U € A , since
A € Bthenx € U € Bhence B € Ny_;pc(x).

ii- LetA,B € Ny_oc(x) and AN B & Ns_coc-(x) .Thenx € ANB and for all U s-coc-open
set such that xe UZANB , x€ U E Aorx € U € B.ThenA & Ng_o.(x)orB €&
Ns_coc(x)this contradiction .

iii- SinceA, € Ng_.,.(x) exists U, s-coc-open set such thatx € U, < A, < UA, .Thenx €
U, € UA, . Therefore UA, € Ny_ o (%).

Proposition (1.14)

Let (X,7) be a space and A € X then A s-coc-open set in X if and only if A is s-coc-
neighborhood for all his points in A

Proof

Let A s-coc-open and x € A .Since x € A € A then A is s-coc- neighborhood of x for all x
henceA is s-coc- neighborhood for all his points

Conversely :

LetA is s-coc- neighborhood for all his points andx € A .ThenA is s-coc- neighborhood for
xthen there exists U, s-coc-open set such that x e U, €A .Then A =U{x:x € A} <
{Uy:x €U} € A.Then A = {U,:x € U,}.Then A union of s-coc-open sets . Therefor Ais s-
coc-open set

Proposition (1.15)

If X is a discrete space then Ng_.,.(x) = {A:x € A}
Proof
Since 7 discrete topologythen © = {A: x € A}. Let A € X and x € X either x € Aorx ¢ A
-ifx ¢ A then Anot s-coc- neighborhood of x henced & Ng_.,.(x)
-if x € A Since{x} € X , and {x} open set in X . Then{x} s-coc-open set x € {x} S
A thenA s-coc- neighborhood of x thenA € N;_.,.(x)henceNg_...(x) = {A:x € A}



Remark (1.8)
Every neighborhood of x is s-coc- neighborhood of x .But the converse not true for
example

Example (1.3)
Let X ={1,23,4}andr = {®,X,{4}} ,A = {1,2}not neighborhood of x but s-coc-

neighborhood of x

Definition (1.10)[4]
Let (X, 7) be a topological space and A subset of X is called a locally closed set if A= UNF
, where U € tand F closed in X.

Definition (1.11)
Let (X, 7) be a topological space and A subset of X is called a locally s-coc-closed set if
A= UNF ,where U € 7, F s-coc-closed in X

Proposition (1.16)
Every locally closed set is locally s-coc-closed.

Proof

Let A be locally closed thenA = UNF such that U € 7, F closed set . Since every closed is s-
coc-closed then A is locally s-coc-closed set.But the convers is not true for the following
example.

Example (1.4)

LetX ={1,2,3,...},7 ={0,X,{1,2,3}} and 4 = {1,2}.Since A = {1,2,3}N{1,2,5} and {1,2,5}
s-coc-closed .Then A is locally s-coc-closed set . But there exist no F closed set such that

A ={1,23}NF.

Proposition (1.17)
i. The intersection of two locally s-coc-closed set is locally s-coc-closed set
ii. The union of any family of locally s-coc-closed sets is locally s-coc-closed

Proof

i. Let A,B are locally s-coc-closed sets. Then A = UNF, B = VNL ,suchthatU,V € 7 and
F,L are s-coc-closed sets in X .Then FNL = M is s-coc-closed sets in X and UNVe
T . Then ANB locally s-coc-closed sets.

ii. Let{Ay: o € A} family of locally s-coc-closed sets .
Then UA, = U(UxNFy) = UUN(UF,) = WyNLy
Since U, € tthen UU4 € T . Since F, s-coc-closed set in X .Then L, = UF, s-coc-
closed set .Then UA, locally s-coc-closed set .



Proposition(1.18)

If X space and t discrete topology on X then any subset of X is locally s-coc-closed set.

proof:

Let AC X, since t is discrete topology on X . Then A is open and closed set .Since A= AN A
then A is locally closed set . Then A is locally s-coc closed set byproposition(1.16).

2.0n s-coc- continuous function
In this section, we introduce the definition of s-coc-continuous , remarks and propositions
about this concept .
Definition (2.1)[1]

Let f: X — Y be a function of a space X in to a space Y.Then f is called a continuous
function if f~1(A4) is open set in X for every open set AinY

Theorem (2.1) [10]
Let f: X — Y function of a space X in to a space Ythen :-
i. fisacontinuous function if and only if f~1(A) closed set inX.
ii. fisa continuous function if and only if f(A) S f(A)for every set AinY.
iii. f isacontinuous function if and only if f=1(A4) € f~1(A )for every set AinY.
iv. f is a continuous function if and only iff~1(4°) € (f~2(4))" for every
set AinY.

Definition (2.2)
Let f: X — Y be a function of a space X in to a space Y. fis called s-coc-continuous
function if f~1(A) is s-coc-open set in X for every openset AinY .

Definition (2.3) [5]
Let f: X — Y be a function of a space X in to a space Y. fis called coc-continuous
function if f~1(A4) is coc-open setin X for every openset AinY .

Proposition (2.1)
i. Every continuous is s-coc-continuous
ii. Every coc-continuous is s-coc-continuous

Proof
i. Letf:X — Y becontinuous function and A open setin Y. Then f~1(A) is open set
in X . Then f~1(A) is s-coc-open set in X .Then f is s-coc-continuous

ii. Let f: X — Ycoc-continuous function and A open set in Y then f~1(A) coc-open
setin X . Then f~1(A) s-coc-open set in X then f is s-coc-continuous .
But the convers of i. and ii. not hold for example

Example (2.1)
i. Let X=1{1234,..},7={0X {2}}topology on X,Y={ab,c},t={0Y, {a}}
topology on and  f: X — Ydefined byf (x) = {‘”f x € {1,3}

bifx & {1,3} . Then f not continuous
but s-coc-continuous



ii. Let  X={1234,..},7={0X {2}}topology on X,Y ={ab}t={0Y, {a}}

) _(aifx =1

topologyonY and f:X — Ydefined byf(x) = {bifx 21

and f~1({a})= {1} not coc-open set in X . Then f is not coc-continuous function .But
{1} s-coc-open setin X . Then f s-coc-continuous .

. Since{a}is open setin Y

Proposition (2.2)

Let f: X — Y be a function of a space X in to a space Y then
i. The constant function is s-coc-continuous

ii. If (X,7) discrete topology then f s-coc-continuous

iii. If X finite set and T any topology on X then f s-coc-continuous

iv. If (Y,7*) indiscrete topology then f s-coc-continuous

v. The identity function is s-coc-continuous

vi. If f:(R,U) — (R,t)such that Uusual topology on Randtcoffinite topology such that
f(x) = |x| for all x € R then fs-coc-continuous.

Proof clear

Proposition (2.3)

Let f: X — Y be a function of a space X in to a space Y then the following statements are
equivalent :-

1. f s-coc-continuous function .

F71A7) € (F71(A)™ ““for every set A of Y .
f~1(A)s-coc-closed set in X for every closed set AinY .
f(AS=¢°¢) c f(A) foreverysetAof X.
f1(A)S7¢co¢ € f~1(A) for every set A of Y .

a s wn

proof:
1—2
LetA C Y,sinceA® open set in Y .Then f~1(A4°) s-coc-open set X.Thus f~1(4°) =

(F71A)) T e (F L)

Then £71(4°) < (F°(4)) .
2—3
Let A <Y such that A closed set in Y.Then A open set then A° = (A€)° then
1A% € (F71A9))™ 7 Thenf~1(4%) < (F71(4%)™ ““then(f~1(4))"
(f~1(A)¢)*s~coc. Therefore(f~1(4))" = (f1(4))>¢°¢ . Hence (f~1(4))" s-coc-
open set in X. Then f~1(A) s-coc-closed set in X.

3—4
Let A € X. Then f(A) s-coc-closed set in Y .Then by (3) we have f~1(f(4)) s-coc-
closed set in X containing A,thusAS~¢°¢ c f~1(f(A))(since AS~¢°¢ intersection of all s-
coc-closed set in X containing) . Hence f ((4)$~¢°¢) € f(A)

4 —5
Let A € X.Thenf~1(4) < X.Then by (4) we have f ((f~1(4) )$7¢°%) € f(f~1(4)) .
Hence f~1(4)57¢¢c f~1(4).
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5—1
Let B open set in Y then B¢ closed .Then B¢ = B€. Hence f~1(B¢) S~¢¢ c f~1(B°) .
Then f~1(Bc)s~coc c f~1(B).Then f~1(B®) = (f~1(B))¢ s-coc-closed set in X
Therefore f~1(B) s-coc-open set in X . Thus f s-coc-continuous function .

Remark(2.1)
From proposition (2.1) we have f s-coc-continuous if and only if the inverseimage of every
closed setin Y is s-coc- closed set in X .

Definition (2.4)
Let f: X — Y be a function of a space X in to a space Y then f is called s-coc irresolute
(s- coé- continuous ) function if f~1(A) s-coc-open set in X for every s-coc-open set inY

Definition (2.5 )[5]
Let f: X — Y be a function of a space X in to a space Y then f is called coc-irresolute
(coé- continuous ) function if f~1(A) coc-open set in X for every coc-open set inY .

Proposition (2.4)

Every s- coé- continuous function is s-coc-continuous function
Proof:

Let f: (X,7) — (Y,7) s-coc - continuous and B open set inY. Then B is s-coc-open
set .Since fs- coé- continuousthen f~1(B) s-coc-open. Hence f s-coc-continuous function
. But the invers is not true in general for the following example

Example(2.2)
1 ifx<0
Let f: R — Y function defined by f(x) =<2 ifx =0 and U usual topology on R , 7
3 ifx>0
indiscrete topology on Y = {1,2,3} then the only open sets in Yare Yand@® , then f~1(@) = @
) ={1), F712),f1(3)} = {(-=,0),{0}, (0,00)} = R .Since Rand® s-coc-open
sets in R then f~1(@), f~1(Y) s-coc-open in R .Then f s-coc-continuous function. But {2} s-
coc-open in Y and f~1({2}) = {0} is not s-coc-open setin R, 0 € {0} . There is no s-open
set U such that 0 € U, and K compact such that 0 € U — K < {0}. Then f is not s-coc’-
continuous function .

Proposition (2.5)

Let f: X — Ys-cocé- continuous then f~1(A) s-coc-closed set in X for all A s-coc-closed
setinY
proof

Then A€ s-coc-open in Y .Since fs- coé- continuous. Then f~1(A°) is s-coc-open in X
by definition (2.4) .Since f1(4°) = (f~1(4))".Then (f~1(4))° s-coc-open set in X
Therefore f~1(A) s-coc-closed set in X for all A s-coc-closed setinY.
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Note that

i. s-coé-continuousis need not to be continuous function .

ii. continuous is need not to be s- coé- continuous function .
iii.s— co¢- continuousis need not to be coc¢-continuous function .

Examples (2.3)

i. Letf:X —>Y,X={123},7= {Q),X,{3}}topologyonX andY ={a,b},T =
{(D, Y, {a}}topologyonY S =f@B)=b , f(2) =a .ltisclear that f is s-coc-
continuous but not continuous .

ii. Letf:(Z,t) — (Y,©) ,Y ={a,b,c},t ={0,Y}topologyonY ,
a ifxezt
T = {0, Z}topologyonZ and f(x) =4b if x € Z~ .Then fis continuous but not s-
) c ifx=0
coc-continuous .

iii. Let X={x;, x5,x3,..}and Y ={y;, y,,v3, ..} , T ={0,X,{ x,}}be topology on X
T = {(D,Y,{yl}] be topology on Y, let f:(X,7) — (Y,%) defined by f(x;) =
y;When i=1,2,3,... . Since {y;} coc-open set in Y and f~1({y,}) = {x;} is not coc-
open set in X thenf is not coc’-continuous . But 757¢°¢ is discrete topology on Y and
T57¢%¢ s discrete topology on X thenf is s-coc’-continuous .

Proposition (2.6)

Let f: X — Y be a function of space X into space Y then the following statements are
equivalent .
i. fiss-coc-continuous
ii. f(AS7°9) € f(A)S~¢° for every set A € X

iii. f~1(B)s~c°¢ c f~1(Bs~¢o¢) foreverysetB € Y

proof:
i —ii
LetA € Xthenf(A) € Yandf (A)$~¢°“s-coc-closed set in Y .Since
fiss—coé-continuous . Then f~1(f(A)S=°¢)s-coc-closed set in X by proposition(2.1.5) .
Sincef (A) € f(A)*~c°thenf ~1(f(A)) € f~1(f(A)*~¢°°) .ThenA € f~1(f(A)S~¢°).Since
fHFA) %) s-coc-closed . ThenA*=¢°¢ ¢ ﬂms‘“’c) Then f(A5~¢°¢) c
f(f—l(f(A)s—COC)) C f(A)S‘C"C.Then f(AS—COC) C f(A)S—COC
i — iii
Let(45¢°¢) C f(A)"“*VACX, BCY thenf=1(B) € X , f(F~1(B)*~¢) €
FF®) . since  f(f7I(B)) S B.Then f(F1(B)°~<°¢) € BS~°°¢  Hence
f—l(B)S—COC g f—l(ES—COC)

i — i
Let B s-coc-closed set in Y then B = B5=¢°¢ . Since f~1(B)$~¢°¢ C f~1(BS~¢0°),
Thenf~1(B)$~¢°¢ c f~1(B).Since  f~Y(B) < f~1(B)S “°“.Therefore ~ f~1(B)S7¢°¢ =
f~1(B) . Therefore f ~1(B) s-coc-closed in X .Then iss — co¢ — continuous .
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Not that
Acomposition of two s-coc-continuous function is not necessary be s-coc-continuous
function as the following example.

Example (2.4)
Let X =R,Y ={1,23},W ={a,b} ,7 = {0, R, R }topology on R ,%={9,Y,{2,3}}
topology on Y, t* = {@,W,{a}} be topology on W and f:R — Y defined by f(x) =
1 ifx =0 ;
2 if x € R*, g:Y — Z defined by g(x) = {‘;‘5’; i{;'Z}
3 ifxeR”
W , but g o f not s-coc-continuous , since (g ° f)({a}) = f~1({1,2}) = {0,R*} not s-coc-
open .Then g o f not s-coc-continuous .

are s-coc-continuous in 'Y,

Proposition (2.7)
If f: X — Y s-coc-continuous and g: Y — W continuous then g o f s-coc-continuous

proof:

Let B open set in W .Since g continuous , then g~*(B) open in Y .Since f s-coc-
continuous then f~*(g~*(B)) s-coc-continuous in X .Then (g o f)~*(B) s-coc-open in
X.Then go f: X — Z s-coc-continuous

Proposition (2.8)
If f:X —Y and g:Y — Ws-co¢- continuous then g o f is s- co¢- continous .

Proposition (2.9)
Let f: X — Y be a function of space X into space Y then f is s- co¢- continuous function
if and only if the inverse image of every s-coc-closed in Y is s-coc-closed set in X

proof:
Let s-coc- continuous , let B s-coc-closed set in Y .Then B¢ s-coc-open in Y Since
s-coé- continuous , then f~1(B¢) s-coc-open in X.f Y (B)=f"1(B-Y)=f"1(Y) -
fFYAB)=X—f"1B) = (f~1(B)) ¢ .Then (f 1(B)) ¢ s-coc-open in X. Hence f~1(B) s-
coc-closed in X
Conversely:

Let M s-coc-open in Y, thenMCs-coc-closed in Y . Then f~1( M€ ) s-coc-closed in X, since
fAME) = 1Y -M) =) - fI(M) =X — 71 (M) = (FI (M) .
Thereforef ~1(M¢) = (f~1(M)) ¢. Then (f~1(M)) ¢ s-coc-closed in X hence f~1(M) s-coc-
closed in X then fis s -co¢- continuous.

Proposition (2.10)

If f:X — Y s-coc-continuous onto then for all y € Y and for all U nbd of y we get there
exists A s-coc-open of f~1(y)such that A € f~1(U) and f~1(U) s-coc-nbd of f~1(y)
Proof :

Lety € Y and U nbd of y . Then there exists B open set in Y such that y € B € U .Since f
onto then there exists x € X such that (x) =y . Then x = f~1(y) . Since f s-coc-continuous
then f~1(B) s-coc-open in X, f~1(y) € f~Y(B) € f~1(U) . Let A = f~1(B) then f~1(y) €
Ac f~I(U)then A € f~Y(U) and f~1(U) s-coc-nbd of f~1(y)
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Proposition (2.11)
If Ais locally s-coc-closed set inY and f: (X, t) — (Y, ) continuous and s-coc¢-continuous
. Then f~1(A) is locally s-coc-closed set in X.

Proof :

Since A is locally s-coc-closed set in Y .Then A = UNFsuch that U € 7 and F s-coc-closed
set in Y. Since f is continuous. Then f~1(U) open set in X .Since f s-co¢-continuous. Then
f1(F) is s-coc-closed set in Xand f~1(4) = f~Y(UNF) = f~Y(U) Nf~1(F)then f~1(A) is
locally s-coc-closed set in X.

Proposition (2.12)

If A is locally s-coc-closed set in Y and f: (X,7) — (Y, %) continuous. Then f~1(A) is locally
s-coc-closed set in X

Proof :

Since A is locally s-coc-closed set in Y.Then A = UNF such that U € 7 and F s-coc-closed
set in Y . Since fis continuous. Then f~1(U) €t and f~1(F) is closed sets in X
Thenf~1(F) is s-coc-closed set in X .Since f~1(4) = f~Y(UNF) = f~1(U) Nf(F)
Then £~1(A) is locally s-coc-closed set in X

continuous

s-coc’-continuous ¢ 7 s-coc-continuous

>

coc’-continuous coc-continuous

3.0n s-coc-separation axioms

In this section we recall some definitions , examples , remarks and propositions about
separation properties . by using s-coc-open sets and we prove some relation between them .

Definition (3.1) [3]
A space is called T;-space if and only if for each x # y in X there exists open sets
UandVsuchthatx e U,y ¢ Uandy eV ,x ¢V .
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Definition (3.2)
A space is called s-coc-T;-space if and only if for each x # y in X there exists s-coc-open
setsU and Vsuchthatx e U,y¢Uandy eV ,x ¢V .

Remark (3.1)
Every T, -space is s-coc-T;-space but the convers is not true in general .

Example (3.1)
Let X ={1,23,4,..},7 ={0,X,{1},{1,2}}Topology on X . The s-coc-open sets discrete
Topology then X is s-coc-T; -space but not T, -space.

Proposition (3.1)
Let X be a space , then X is s-coc-T,-space if and only if {x} s-coc-closed set for each
x€eX.

Proof

Let X is s-coc-T;-space and y € X such thaty¢ {x} . Then y # x , since X is s-coc-T;-space
, then there exists s-coc-open set V such that yeV,yé&{x}andx &V, x € {x}
ThenVN{x} =0 then (V-—y)N{x}=0,then y & {x}'57¢°¢ hence {x}'S7¢°¢ < {x}.Then
{x} s-coc-closed by proposition (1.1.14) (2) .
Conversely :

Let {x} s-coc-closed V x € X then {x}¢ s-coc-open set ,letx # y in X then y € {x}¢,x ¢
{x}¢.Then {x}¢ =X —{x}since {y} s-coc-closed then {y}¢ s-coc-open {y}¢=X—
{yYand y ¢ {y},x € {y}°. Hence X is s-coc-T;-space .

Definition (3.3) [1]
Let f: X — Y be a function of space X into space Y then :-
i- fis called open function if f(A) is open setin Y for every openset A in X .
ii- f is called closed function if f(A) is closed set in Y for every closed set 4 in X.

Definition (3.4)
A function f: (X,t) — (Y, 7) is called
i- super s-coc-open if f(U) is open inY for each U s-coc-open in X.
ii- super s-coc-closed if f(U) is closed in Y for each U s-coc-closed in X.

Proposition (3.2)

If X is s-coc-T;-space and f: X — Y super s-coc-open bijective thenY is T;-space .
Proof

Let x,y € Y such that x #y since f onto then there exist a,b € X such that f(a) =
x,f(b) =y Then a # b since X is s-coc-T; .Then there exists U,V s-coc-open sets such
that (ac U,b ¢ U) and (a € V,b € V).Since f super s-coc-open then f(U),f(V) open in

Y.Then (f(a) € fF(U),f(b) & f(U)) and (f(a) & f(V),f(b) € f(V)).Thus Y is T;-space .

Definition (3.5) [5]
Let f: X — Y be a function of space X into space Y then :

i- fis called coc-closed function if f(A) is coc-closed set in Y for every closed set
Ain X.

ii- f is called coc-open function if f(A) is coc-open set in Y for every open set 4 in X.
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Proposition (3.3)

Let f: X — Y onto s-coc-open function. If X is T;-space then Y is s-coc-T;-space .
Proof
Let y;,¥, €Y 3 y; # y, . Since f: X — Y onto function, then there exists x;, x, € X such
that (x;) = y,, f(xz) =y, , Then x; # x,. Since X is T;-space then there exists U,V open
sets in X such that (x; € U,x, € U) and (x, € V,x; &€ V).Since f s-coc-open function.
Then f(U), f(V) s-coc-open sets in Y. Since x; € U then f(x;) € f(U) and x; & Vthen
(x1) & f(V) . Since x, € U then f(x,) ¢ f(U) and x, & V then f(x,) € f(V) .ThenY is s-
coc-T; -space.

Proposition (3.4)

Let f: X — Y one-to-one s-coc-continuous function. If Y isT;-space then X is s-coc-
T, - space.
Proof :

Let x;,x, € X such that x; # x, .Since f:X — Y one-to-one function and x; # x,
Then f(x;) # f(x,) .Since Y isT;-space then there exists U,V open sets in Y such that
(fx))€eU,f(xy) g and (f(xy) €V,f(xy) € V) . Since f s-coc-continues function
then f~1(U), f~1(V) s-coc-open sets in X .Since f(x;) € U then x; € f~1(U) and f(x,) &
U then x, & f~1(U).Since f(x,) €€V then x, € f~1(V) and f(x;) €V then x; &
f~Y(V)hence X is s-coc-T, -space

Definition (3.6)
Let f: X — Y be a function of space X into space Y then :
1) fis called s-coc-closed function if f(A) is s-coc-closed set in Y for every closed set
AinX.
2) fis called s-coc-open function if f(A) is s-coc-open set in Y for every open set 4 in X.

Definition (3.7)[5]
Let f: X — Y be a function of space X into space Ythen :-
i. f is called coé-closed function if f(A) is coc-closed set in Y for all coc-closed A in X.
ii. fis called coc¢-open function if f(A) is coc-open set in Y for all coc-open A in X.

Definition (3.8)
Let f: X — Y be a function of space X into space Ythen :-
1) fis called s-co¢-closed function if f(A) is s-coc-closed set in Y for all s-coc-closed set A
in X.
2) fis called s-coc¢-open function if f(A) is s-coc-open set in Y for all s-coc-open set A in X.

Definition (3.9)
Let X and Y are spaces. Then a function f: X — Y is called s-coc-homeomorphism if
1. f bijective
2. f s-coc-continuous
3. f s-coc-closed (s-coc-open)
It is clear that every homeomorphism is s-coc-homeomorphism .

Definition (3.10)
Let X and Y are spaces ,then a function f: X — Y is called s-co¢-homeomorphism if :-
1. f bijective
2. f s-coé-continuous
3. f s-coc¢-closed (s-coc-open)
It is clear that every homeomorphism is s-co¢-homeomorphism
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Theorem (3.1)
Let X and Y be s-co¢-homeomorphism space then X s-coc-T;-space iff Y is s-coc-T;-
space.
Proof:Clear
Definition (3.11) [3]
A space is called T,-space (Hausdorff) if and only if for each x # y in X there exists
disjoint open sets U and V suchthatx e U ,y e V..

Definition (3.12)
A space is called s-coc-T,-space (s-coc-Hausdorff) if and only if for each x # y in X there
exists U and V disjoint s-coc-open sets suchthatx e U,y € V.

Remark (3.2)
It is clear that every T,-space is s-coc-T,-space but the converse is not true for example

Example (3.2)
Let X ={1,2,34,..},7 = {0, X, {1}}Topology on X.t5*discrete Topology. Then X is s-coc-
T,-space but not T,-space.

Proposition (3.5)

Let f: X — Y be bijective s-coc-open function . If X is T,-space then Y is s-coc-T,-space.
Proof :
Lety,,y, €Y 3 y; # y,.Sincef: X — Ybijective  function,then  there exists x;,x, €
Xsuch that f(x;) = y1, f(x3) = y,, Then x; # x, since f s-coc-open function ,Since X is
T,-space and x; # x, then there exists U,V open sets in X such that x; €U ,x, €
Vand UNV = @ .Since f s-coc-open then f(U), f(V) s-coc-open sets in Y . Since x; € U
then f(x;) € f(U) and x; €V then f(xy) € f(V) and fWU)NFV)=fUNV)=0
.Hence Y is s-coc-T,-space

Remark (3.3)
Every is s-coc-T, space is s-coc-T;space . But the converse is not true for the following
example .

Example (3.3)

Let X = R and  coffinite Topology on R then 5% coffinite Topology , let x # y .Since
x&€R—{x},xeR—-{y}and y€R—{x},y € R—{y}.Since R —{x},R — {y}open sets
then forall # yin R , R — {x},R — {y} are s-coc-open sets .Then R is s-coc-T;-space . Since
3 # 4 and there is no disjoint s-coc-open sets U,V such that 3 € U,4 € V .Thus (R, t) is not
s-coc-T,-space .

Proposition (3.6)
If X is s-coc-T,-space and f: X — Y super s-coc-open bijective then Y is T,-space .

Proof

Let x,y € Y such that x # y .Since f onto then there exist a,b € X such that f(a) =
x,f(b) =yanda=+b.Since X is s-coc-T, . Then there exists U,V s-coc-open sets such that
ae U,b €V .Since f super s-coc-open then f(U),f(V) open sets in Y. Since UNV =
@ then f(U) Nf(V) = f(UNV) = @.Thusf (U) , f(V)disjoint sets .Then
f(a) € f(U)and f(b) € f(V) .Thenforall f(a) =x,f(b) =y €Y suchthat x # y .There
exists disjoint open sets in Y such that x € f(U),y € f(V) .Thus Y is T,-space .
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Proposition (3.7)

Let f: X — Y one-to-one s-coc-continuous function. If Y isT,-space then X is s-coc-T,-
space.
Proof
Let x,x, € X such that x; # x, . Since f:X — Y one-to-one function and x; # x, then
f(xq1) # f(xy) in Y . Since Y isT,-space then 3 U,V open sets in suchthat (x, € U,x, €
V) and UNV = @. Since f s-coc-continuous function then f~1(U), f~1(V) s-coc-open sets
in X , since f(x;) €U then x; € f~1(U). Since f(x,) €V then x, € f~1(V) and
FrWHNF1(V) = Y WUNV) = @ hence X is s-coc-T,-space .

Theorem (3.2)

Let X and Y be s-coc-homeomorphism space then X s-coc-T,-space if and only if Y is s-
coc-T,-space.
Proof
LetX,Y be s-coc’-homeomorphism letX s-coc-T,-space .Let y;,y, €Y suchthat y; #
y,.Since f onto function .Then there exist x;,x, € X suchthat f(x;) =y, f(x3) = ¥,
since X is s-coc-T,-space ,Then there exists U,V s-coc-open sets in X suchthat(x; €
U,x, €V)and UNV = @. Since f s-coc-open function .Then f(U), f (V) s-coc-open sets in
Y.Since x; €U then f(x;) € f(U) and x, €V then f(x;) € f(U)then f(U)NfV) =
f(UNV) =@ ThenY s-coc-T,-space .
Conversely

Let x4, x, € X suchthat x; # x, .Since f one-to-one function and x; # x, then f(x;) #
f(x,) .Since Y is T,-space then there exists U,V s-coc open sets in Y suchthat (x; €
U,x, € V)and UNV = @ . Since f s-coc-continuous function then £~1(U), f~1(V) s-coc-
open sets in X .Since f(x;) € Uthen x; € f~1(U) . Since f(x,) € V then x, € f~1(V) and
FHWHNF1(V) = @ hence X is s-coc-T,-space .

Definition (3.13) [8]
A space X is said to be regular space if and only if for each x € X and C closed subset
such that x & C there exist disjoint open sets U,V suchthatx€ Uand C S V.

Definition (3.14)

A space X is said to be s-coc-regular space if and only if for each x € X and B closed
subset of X such that x ¢ B there exist disjoint s-coc-open sets U,Vsuch that x €
Uand BC V.

Remark (3.4)
Every regular space is s-coc-regular but the convers is not true .

Example (3.4)

Let X =1{1,23},7={0,X,{23}} . Xs-cocregular (Since s-coc-open sets is
discrete)andF = {1}closed set and 2 & {1} = Fthere exists no open sets U,V suchthat 2 €
U={23},FSV =Xand UNV # @ .Then X is not regular .

Proposition (3.8)

If f: X — Y homeomorphism and s-co¢- homeomorphism. Then X is s-coc-regular if and
only if Y is s-coc-regular
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Proof

Let Y is s-coc-regular. To prove X s-coc-regular , let x € X and F closed set in X such that
x € F. Then f (x) & f (F) since f is (closed) function then f (F) closed set inY. Since Y is s-
coc-regular then there exists U, V disjoint s-coc-open sets such that f(x) € U, f(F) € V.

Since f s-co¢-continuous then f~1(U),f~1(V) s-coc-open sets in X.Since f~1(@) =
f~1UNV) = =2 U)NE~1(V) . Then f71(U),f~1(V) disjoint sets in X .Then f~(f(x)) €
f71(U), f1(f(F)) < £~1(V). Since f bijective then x € f~*(U), F < f~*(V). Then X is s-coc-
regular.

Conversely:

Let X s-coc-regular . To prove Y is s-coc-regular ,let y € Y and F closed set in Y such that y &
F .Since f onto then there exists x € X such that f(x) =y .Then x = f~1(y).Since f continuous
then f~1(F) closed set in X and x & f~1(F) .Since X s-coc-regular then there exists U, V disjoint
s-coc-open sets such that x € U,f~1(F) € V. Since f s-co¢-continuous then f(U), f(V) s-coc-
open sets in Y . Since f~1(U)Nf~1(V) = f~1(UNV) = f~1(@) = @.Thenf(U), f(V) disjoint sets
in Xand y = f(x) € f(U), f(f~*(F)) < f(V) .Since f bijective then y € f(U), F € f(V).Then Y is
s-coc-regular.

Proposition (3.9)
A space X is s-coc-regular space if and only if for every x € X and every open set

—coc

U in X such that x € U there exist s-coc-open set W such that x e W < w’ cu.
Proof

Let X s-coc-regular space and x € X, U open set in X such that x € U, Then U€ closed set in
X and x & U€ then there exist disjoint s-coc-open sets W,V such that x € W,U¢ € V. Hence
xewew Fecve cyecuy.
Conversely

Let x € X and F closed set in X such that x ¢ F then F€ open setin X and x € F¢ , then

. —S—CocC
there exist s-coc-open sets W such that xe W C W CF¢ . Then xe W,F c
— P C
(WS COC) are disjoint s-coc-open sets .Then X s-coc-regular space

Proposition (3.10)

If f: X — Yonto , continuous , s-coc-open function and X regular space then Y s-coc-
regular.
Proof

Let y € Y and C closed set such that y ¢ C .Since f onto then there is x € X such that

f(x) =y . Since f continuous and C closed set in Y. Then f~1(C) closed in X and x =
f~Y(y) & f~1(C) . Since X regular space then there is U,V open disjoint sets such that
x€€Uand f71(C) €V .Since f s-coc-open then f(U),f(V) s-coc-open sets and
disjoint. Theny = f(x) € f(U) and C < f(V) .Thus Y s-coc-regular space

Proposition (3.11)

If f: X — Y closed bijective , s-coc-continuous and if Y regularthen X s-coc-regular .

Proof
Let x € X and F closed set in X such that x & F .Since f closed function then f(F) closed
set in Y such that f(x) € f(F) .Since Y regular space then there is U,V open disjoint sets
such that f(F) €V and f(x) € U .Sincef s-coc-continuous then f~1(U), f~1(V) s-coc-
open sets and disjoint and f~*(f(F)) € f~1(V), f1(f(x)) € f~*(U) .Since f bijective
then f~1(f(F)) =F and f~*(f(x)) =x. Since UNV =@ then f~1(U)Nf1(V) =
7t wnv) = f~1(p) = @.Then X s-coc-regular .
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Not that
i. If X is s-coc-T;-space then X need not to be s-coc-regular .
ii. If X is s-coc-regular then X need not to be s-coc-T;.

Example (3.5)
i. Let X = R and t coffinite Topology on R . Since 3 € R and {1} closed set such that
3 ¢ {1}and there is no disjoint s-coc-open sets U,V such that 3 € U,{1} € V then R
iS not s-coc-regular . But R is s-coc-T;

ii. Let X =1{1,234,..} and 1t = {@,X}.Since there is no closed set C such that x & C
where x € X then X is s-coc-regular .Since 5% = {@,X} and1,2€ Xand 1+
2 .Thereisno U,V s-coc-open setssuchthat1 e U,1 € Vand2 ¢ U,2 €V .Then X
is not s-coc-T; space .

Proposition (3.12)

If f: X — Y super s-coc function, continuous , onto and X s-coc-regular then Y is regular.
Proof

Let y € Y and B closed set in Y such that y € B .Since f continues then f~1(B) closed in
X. Since f onto then there is x € X such that f(x) = y and x ¢ f~1(B).Since X is s-coc-
regular then there exists U,V disjoint s-coc-open sets in X such that x € U and f~1(B) €
V.Since f super s-coc-open then f(U),f(V) open in Y.Thus y = f(x) € f(U) and B <
f(V) .ThenY is regular space .

Definition (3.15) [11]

A space X is normal if and only if when every A and B are disjoint closed subsets in X , there
exist disjoint open sets U,V with AC Uand B<SV .

Definition (3.16)

A space X is called s-coc-normal space if and only if when every disjoint closed sets
C; , C, there exist disjoint s-coc-open sets V;,V, such that C; € V; and C, SV, .

Remark (3.5)
It is clear that every normal space is s-coc-normal space .but the converse is not true .

Example (3.6)

Let X={1,234},t={0,X{1,23},{1,3,4},{1,3}.The closed sets inX are
{(Z),X, {4},{2}, {2,4}} and 5% is discrete Topology then X is s-coc-normal .But not normal
since {2},{4} disjoint closed sets and there exists no disjoint open sets V;,V, 3 {2} <
V,,{4} € V,.

Remark (3.6)
1. If X is s-coc-T;-space then X need not to be s-coc-normal.
2. If X is s-coc-normal then X need not to be s-coc-regular.
3. If X is s-coc-normal then X need not to be s-coc-T;.
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Example (3.7)
1. Let X = R, 7 coffinite Topology on R . Since {1}, {2} disjoint closed sets and there is no
s-coc-open sets U,V such that {1} € U, {2} < Vthen R is not s-coc-normal But (X, 7) is
s-coc-T; by example (3.1.3) .

2. LetX=Zandt=1{0,Z,Z,,ZF,Z;} .Since Z,closed set and 1 ¢ Z, . there is no disjoint
s-coc-open setsU,V such that 1 € U and Z, < V then Z is not s-coc-regular. But the
closed sets are Z,,(Z7)¢ ={Z,,Z+}, (2} =1{Z.,2;},0,Z,, and Z are not disjoint
closed sets then Z is s-coc-normal.

3. Let X ={1,2,3,4,...},7 = {0, X} then 5% = {@, X} .Since there is no C;,C, dis joint
closed sets then X is s-coc-normal . If each x,y € X such that x # y since there exists
no s-coc-open sets U,V such that x e U,x € Vandy ¢ U,y € V then X is not s-coc-
T, space .

Proposition (3.13)

If f:X — Y homeomorphism and s-co¢- homeomorphism .Then X is s-coc-normal if and
only if Y s-coc-normal
Proof

To prove X s-coc-normal let Y be s-coc-normal, let A, B disjoint closed sets in X .Since f
closed function, then f (A), f (B) disjoint closed sets in Y . Since Y s-coc-normal then there
exists U,V disjoint s-coc-open set in Y such that f(A) € U,f(B) € V. Since f s-co¢-
continuous then f~1 (U),f~1 (V) disjoint s-coc-open sets in X such that f~! (f(A)) <
f71(U), £71(f (B)) < f~1(V). Since f one to one then A < f~1 (U),B < f~1 (V) .Then X s-
coc-normal .

Conversely:

Let X s-coc-normal , to prove Y s-coc-normal , let A, B disjoint closed sets in Y. Since f
continuous then f~1 (A),f~! (B) disjoint sets in X Since X s-coc-normal then there exists
disjoint s-coc-open sets U,V such that f~1 (A) € U,f~1 (B) € V . Since f s-co¢-open then
f(U),f (V) disjoint s-coc-open sets in Y such that f(f=*(A)) < f(U),f(f"*(B)) € f(V) .
Since f bijective then A € f (U),B < f (V) . Then Y s-coc-normal

Proposition (3.14)

If X s-coc-normal and f:X — Y super s-coc-open, continuous and one to one then Y is
normal .
Proof

Let F,, F,disjoint closed sets in Y.Since f continuous then f~1(F,), f~1(F,) closed sets in
X.Since F;NF, =@ then f~Y(F) Nf~Y(F,) = f~1(F, NF,) = @.Then f~1(F) Nf~1(F,)
disjoint sets in X.Since X s-coc-normal then there exist disjoint s-coc-open sets U, V such that
f~Y(F)) € Uand f~1(F,) € V.Since f super s-coc-open then f(U) and f(V) open sets in
Y . Since UNV = @then f(U) NF (V) = f(UNV) = @.Since f one to one then f(f 1 (F,)) =
Fyand f(f~*(F,)) = F, .Then F; € f(U) and F, S f(V).Then Y is normal space .

Proposition (3.15)

Let f: X — Y continuous and s-coc-open function if X normal then Y s-coc-normal .
Proof

Let A, A,disjoint closed sets in Y then f~1(4;), f 1(4,) closed disjoint sets in X. Since
X normal then there is U,V open disjoint sets such that f~1(4;) € Uand f~1(4,) S
V.Since f s-coc-open then f(U) and f (V) s-coc-open sets in Y and disjoint such that
A; € f(U) and A, < f(V)thenY is s-coc-normal space .
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Proposition (3.16)

Let f: X — Y s-coc-continuous and closed function , if Y normal space then X s-coc-
normal
Proof
Let A,, A,disjoint closed sets in X.Since f closed function then f(4,), f(A4,) closed disjoint
sets in Y.Since Y normal space then there is U,V open disjoint sets such that f(4,) <
U and f(A,) € V.Since f s-coc-continuous then f~1(U),f~1(V) disjoint s-coc-open sets
then A; € f~1(U) and 4, < f~1(V) Thus X is s-coc-normal space .

Proposition (3.17)
A space X is s-coc-normal space if and only if for every closed set D € X and each open set

—coc

U in X such that D € U there exist s-coc-open set VV such that € V < v’ cuU.
Proof

Let X s-coc-normal and let D € X closed set and U open set in X such that D € U then
D, U°¢ disjoint closed sets .Since X is s-coc-normal space then there exist disjoint s-coc-open

sets V,W such that DSV, USCW then DSV CV — cWe °CWECUThen
—S—cocC

DcvcVy cuU.
Conversely:
Let D;, D,disjoint closed sets in X then D, open set in X and D; € D,°.Then there exists

—S—coc —S—coc _,
s-coc-open set V such that D, SV CV c D, then D, €V,D, SV .Since

—s—coc\ € ..
V, (V ) are d|310|nt S-coc-open sets hence X s-coc-normal space .

Proposition (3.18)
If X s-coc-normal space and T, -space, then X s-coc-regular space .
Proof
Let x € X and W closed set in X such that x € W .Then {x} closed subset of X .Since

X is T;-space then {x} € W .Since X s-coc-normal space. Thus there exists s-coc-open set
—coc

V such that {x} S VSV  CW by proposition (3.17). So that xeV SV . C
W .Therefore X s-coc-regular space by proposition (3.9) .

Definition (3.17)
A space X is said to be s-coc*-regular if for all x € X and all F s-coc-closed set such that x ¢ F
there exist two disjoint s-coc-open sets U,V such that x € U,F € V.

Proposition (3.19)
Every s-coc*-regular is s-coc-regular

Proof
Let F isclosed set in Xand x ¢ F . Then F is s-coc-closed set, since Xis s-coc*-regular .Then
there exist two disjoint s-coc-regular sets U,V such that x € U, F € V. Then Xs-coc-regular .

Proposition (3.20)
If f: X — Y onto super s-coc-open continuous and X is s-coc*-regular then Y is regular

Proof

Let y € Y, F closed set in Y such that y & F . Since f continuous then £~ (F) closed in X
.Since f onto then there exists x € X such that f(x) =y .Thenx = f~(y)andx & f~1 (F)
.Since X s-coc*-regular then there exist U,V disjoint s-coc-open sets such that x €
U,f~1 (F) €V Since f is super s-coc-open then f(U), f(V) disjoint open sets in Y, and
f(x) e f(U),F < f(V)ThenY is regular

22



Proposition (3.21)
Let X s-coc*-regular and f: X — Y onto, s-coc-continuous and s-co¢-open. Then Y is s-
coc-regular.

Proof

Let y € Y, F closed set in Y such that y & F .Since f onto then there exists x € X such that
f(x) =y .Then x = f~1(y) .Since f continuous then f~(F) closed set in X and x ¢
f~Y(F) .Since X s-coc*-regular then there exist two disjoint s-coc-open sets U,V such that
x € U,f~1(F) € V.Sincef s-coé-open then f(U),f(V) disjoint s-coc-open sets in Y and
since f onto then f(f~1(F)) € F .Then f(x) € f(U)andF < f (V)
ThenY is s-coc-regular.

Proposition (3.22)
A space X is s-coc*-regular if and only if for all x € X and all U s-coc-open set such that

—coc

x € U there exists W s-coc-open set suchthat x e W < w’ cu

Proof
Let X is s-coc*-regular,x € X and U s-coc-open set such that x € U .Then U¢s-coc-
closed set and x & U°¢ . Since X is s-coc*-regular then there exist disjoint s-coc-open sets

—S—CoC —S—CoC
V,W suchthatx € W,U¢ <V .Hencexe W W cvye cve=U
Conversely
Let for all x € X,U s-coc-open set such that x € U .Such that W s-coc-open set such that
xewew cuU Letxe X, F s-coc-closed set in X such that x & F. Then F¢s-coc-

—S—CoC

—S—coc 4 ¢ .
open set and x € F¢.Then x e W c W CF¢ .Then xe W,F c (W ) .Since

—S—CO

c —S
w s-coc-closed set, then (W
s-coc*-regular .

Cc —S— c
OC) s-coc-open set andW, (WS Coc) disjoint . Then X

Proposition (3.23)
If f: X — Y s-coé-homeomorphism. Then Y s-coc*-regular if and only if X is s-coc*-regular

Proof

Let X is s-coc*-regular and y € Y and F s-coc-closed set in Y such that y ¢ F .Since f
onto then there exists x € X such that f(x) =y .Thenx = f~1(y) .Since f s-coé-continuous
then f~1(F) closed set in X and x & f~(F) .Since X is s-coc*-regular then there existU, V
disjoint s-coc-open sets such that x € U, f~1(F) €V .Since f s-coc’-open then f(U), f (V)
disjoint s-coc-open sets in Y and f(x) & f(U), f(f~*(F)) € V. Since f be onto then
f(f~X(F))=F .Theny & f(U),F < VThenY s-coc*-regular
Conversely

Let Y s-coc*-regular and x € X, F s-coc-closed set in X such that x € F then y = f(x) €
f(F) .Since f s-coc¢-closed then f(F) s-coc-open inY and y & f(F). Since Y s-coc*-regular
then there existU, VV disjoint s-coc-open sets suchthaty e U, f (F) € V
Since f s-coc’-continuous thenf~1(U),f~1 (V) disjoint s-coc-open sets inX such that=
) € fF7HU), f7Y(f(F)) € f~1 (V) . Since f one to one then F < f~(f(F)) .Then X
s-coc*-regular
Definition (3.18)

A space X is said to be s-coc*-normal if for all x € X and all A4, B disjoint s-coc-closed sets
in X there exist U,V disjoint s-coc-open setssuchthat A€ U,B SV
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Proposition (3.24)

Every s-coc*-normal is s-coc-normal
Proof

Let A, B disjoint closed sets in X .Then A, B are disjoint s-coc-closed sets in X .Since X s-
coc*-regular then there exist U,V disjoint s-coc-open sets such that A € U,B € V.Then X s-
coc-normal

Proposition (3.25)

A space X is s-coc-normal if and only if for all s-coc-closed set D € X and all U s-coc-open
set in X such that D < U there exists V s-coc-open sets such thatD € V < vV cu.

Proof

Let X s-coc*-normal and D € X such that D s-coc-closed and U s-coc-open in X such that
D € U .Then D, U¢disjoint s-coc-closed sets. Since X s-coc*-normal then there exist W,V
disjoint s-coc-open sets such that D € V,US € W . ThenD SV cV — cWe ‘cu
Conversely

Let D, D, disjoint s-coc-closed sets in X.Then D,¢ open set and D; € D,¢ . Then there

exists s-coc-open set V .Such that DcV c v c D, .Then DcV, D,°c
—s—coc\€¢ _. —s—coc\ ¢ L.
(V ) .Since V/, (V ) are disjoint s-coc-open sets .Then X s-coc*-normal.

Proposition (3.26)
If X s-coc*-normal and s-coc-T;. Then X s-coc*-regular .

Proof
Let x € X and W s-coc-open set such that x € W . Since X is s-coc-T; then {x} s-coc-
closed set by proposition (3.1) .Then {x} € W . Since X s-coc* -normal then there exists V s-

coc-open set, such that {x} € V < Vo cw Thenx s-coc*-regular by proposition (3.22)

Proposition (3.27)
If f: X — Y onto super s-coc-open, continuous and X s-coc*-normal, then Y is normal

Proof

Let A4, B disjoint closed sets in Y .Since f continuous then f~1(4), f ~1(B) disjoint closed
sets in X . Since X s-coc™-normal then there exists two disjoint s-coc-open sets U, V such that
f~Y(A) cU,f~Y(B) €V . Since f super s-coc-open then f(U), f(V) disjoint open sets in Y
and f(£71(4)) € F(U), F(f~2(B)) < f(V) . Since f onto then AS f(U),B < f(V) . Then
Y is normal

Proposition (3.28)
Let X s-coc*-normal and f: X — Y bijective s-coc-continuous and s-co¢-open, then Y is s-
coc-normal

Proof

Let A4, B disjoint closed sets in Y .Since f continuous then f~1(4), f~1(B) disjoint closed
sets in X . Since X s-coc™-normal then there exists two disjoint s-coc-open sets U, V such that
f~Y(A) cU,f~Y(B) €V .Since f s-coé¢-open then f£(U), f (V) disjoint s-coc-open sets in Y
and(f~1(4) € FU), F(fF~2(B)) € f(V) . Since f bijective then Ac f(U),B S f (V) .
Then Y is s-coc-normal
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Proposition (3.29)
If f: X — Y s-co¢-homeomorphism. Then Y is s-coc*-normal if and only if X s-coc*-normal

Proof

Let X s-coc*-normal and A4, B disjoint s-coc-closed sets in Y .Since f s-coé-continuous then
f~1(A4), f~1(B) disjoint s-coc-closed sets in X . Since X s-coc*-normal then there exists two
disjoint s-coc-open sets U, V such that f~1(4) € U, f~1(B) € V . Since f s-coé¢-open then
fF(U), f (V) disjoint open sets in Y andf (f~*(4)) < F(U), f(f~*(B)) € f(V) .Since f
bijective then A € f(U),B < f (V). ThenY is s-coc* -normal.
Conversely

Let Y is s-coc*-normal and A, B disjoint s-coc-closed sets in X . Since f s-co¢-open then
f(A), f(B) disjoint s-coc-closed sets in Y .Since Y is s-coc*-normal then there exists two
disjoint s-coc-open sets U,V in Y such that f(A) € U, f(B) € V. Since f s-co¢-continuous
then f~Y(U),f~Y(Vv) are disjoint s-coc-open sets in X such that
@) € 72, 1 (F(B)) € f71(V) .Since f onto then A € f~1(U),B € f~1(V)

.Then X s-coc*-normal space

Definition (3.19)
A space X is said to be locally s-coc-regular if for all x € X and all F locally closed set such
that x & F there exists A, B disjoint s-coc-open sets such that x € A,F € B

Definition (3.20)
A space X is said to be locally s-coc*-regular if for all x € X and all F locally s-coc-closed
set such that x & F there exists disjoint s-coc-open sets U,V suchthate U,F € V.

Proposition (3.30)

Every locallys-coc*-regular is s-coc*-regular
Proof
Let x € X, X locallys-coc*-regular, let A is s-coc-closed set in X such that x € A . Since
A= XnAandX € T thus A is locally s-coc-closed set. Since Xlocally s-coc*-regular then
there exists U, V disjoint s-coc-open sets such that x € U,A €V . Then X is s-coc*--regular

Remark (3.7)
Every locally s-coc*-regular is s-coc regular

Definition (3.21)
A space X is said to be locally s-coc-normal if for every all A, B disjoint locally closed sets
there exists U, V disjoint s-coc-open setssuchthat A€ U,BCV

Definition (3.22)
A space X is said to be locally s-coc*-normalif for every all 4, B disjoint locally s-coc-
closed sets there exists U, V disjoint s-coc-open setssuchthat A € U,B C V

Proposition (3.31)

Every locally s-coc*—normal is s-coc*-normal
Proof

Let A4, Bare disjoint s-coc-closed sets in X. Since A = XNA , B=XNBand X € 7, thus A,
B are disjoint locally s-coc-closed sets .Since X is locally s-coc*—normal . Then there exists
disjoint s-coc-open sets U, V such thatA < U, B < V .Therefore X is s-coc*-normal .
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Remark (3.8)
Every locally s-coc*-normal is s-coc*-normal .

Proposition (3.32)

Every locally s-coc*-regular is locally s-coc-regular
Proof
Let X is locally s-coc*-regular ,let F locally closed set in X and x ¢ F then by proposition
(1.16) we get F is locally s-coc-closed set .Since X is s-coc*-regular then there exists U,V
disjoint s-coc-open sets such that x € U, F € V. Then X is locally s-coc-regular

Proposition (3.33)

If X locally s-coc™-regular and f: X — Y continuous and s-co¢-homeomorphism , then Y is
locally s-coc*-regular
Proof
Let y €Y, A locally s-coc-closed set in Y such that y € A .Since f onto then there exists
x € X such that f(x) = y . Then x= f~1(y) . Since f continuous and s-coé-contionuous then
f~1(A) locally s-coc-closed set in X by proposition (2.11) and x & f~1(A) in X . Since X
locally s-coc*-regular then there exists U,V disjoint s-coc-open sets such that x €
U,f~Y(A) <V . Since f s -coé-open then f (U), f(V) disjoint s-coc-open sets in Yand
y=fx)efU),f(f7*(4)) € f(V) . Since f onto then y € f(U),AS f (V) . Then Y is
locally s-coc™*-regular

Proposition (3.34)
Every locally s-coc*-normal is locally s-coc-normal
Proof by proposition (2.16) .

Proposition (3.35)

If X locally s-coc*-normal and f: X — Y continuous and s-co¢-homeomorphism . Then Y
is locally s-coc*-normal
Proof

Let A, Bdisjoint locally s-coc-closed sets in . Since f continuous, s-co¢-continuous then
f1(4), f~1(B) locally s-coc-closed set in X by proposition (2.11) .Since X locally s-coc*-
normal then there exists disjoint s-coc-open sets U,V such that f~1(A) c U,f~Y(B)cV .
Since f s-co¢-open then f(U),f (V) disjoint s-coc-open sets in Yand (f~'(4)) <
FQ), f(f~(B)) € f(V).Since f onto then A € f(U), B < f (V)

Then Y is locally s-coc*-normal
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S-coc-T,

Normal//‘ScocT1 regular
S-coc-normall p S-coc-regular
T +T;
S-coc™-normal p S-coc*-regular
+s-coc-T;
locally s-coc*--normal locally s-coc*-regular
locally s-coc-normal locally s-coc*-regular
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