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Abstract: 

   In this paper, we introduce new types of  normalities of fuzzy KS-Semigroups,  namely  

normal fuzzy subks- semigroups  , fuzzy normal  subks- semigroup of KS- semigroup and fuzzy 

normal subks- semigroup of fuzzy subKS-  semigroup .Also,we study some of their properties . 

 الخلاصة :   

ية في ىذا البحث قدمنا أنٌاع جديدة من   ناظم الضبابيت  KSسميت  شبو الزمزة الجزئيت  KSفي أشباه الزمز الضبابيت  ال

ًشبو الزمزة الجزئيت الناظميت الضبابيت من شبو   KSو الزمزة الجزئيت الناظميت الضبابيت من شبو الزمزة الناظميت  ً شب

 الزمزة الجزئيت الضبابيت  كما درسنا ًبزىنا بعض من خٌاصيا  

 
 

1.1Introduction: 

The notation of BCK algebra introduced by Y.Imai and K.Ise'ki [1] in 1966 . In the same year, 

K. Ise'ki [2]introduced  the notation of BCI algebra which is a generalization of BCK algebra. In 

2006 ,Kyung Ho Kim [3] introduced a new class of algebraic structure called KS semigroup .In 

2009 Jocelyns S. Paradero  Vilea and Mila Cawi [ 4] characterized ideals of KS- Semigroups and 

prove some properties .In 2007 , D.R. Prince Wiliams  and Husain Shamshad[5] fuzzify KS 

semigroup and called it fuzzy KS Semigroups and introduced the notations of fuzzy subKS- 

Semigroups, fuzzy KS ideal ,fuzzy KS P ideal and  investigated some of their related properties. In 

this paper, we define three new types of  normalities of fuzzy KS-Semigroups and study their 

properties and prove some interested propositions . 
 

2.Preliminary 

   This section contains some basic concepts that we needed it in this paper.  

Definition (2.1)[5]  

     An algebraic system (X, ∗, 0) is called a BCK algebra if it satisfies the 

following conditions: 

1)  ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0, 

2)  (x ∗ (x ∗ y)) ∗ y = 0, 

3)  x ∗ x = 0, 

4)  0 ∗ x = 0 

5) if  x ∗ y = 0 and  y ∗ x = 0   then   x = y,   x, y, z   . 

Remarks (2.2) [6] 

  Let X be a BCK algebra : 

 A partial ordering ” ≤ ” on X can be defined by x ≤ y if and only if  x ∗ y = 0. 

 A BCK-algebra X has the following properties: 

1)  x ∗ 0 = x. 

2) if  x*y=0  and y*z=0 imply x*z=0 . 

3) if  x*y=0  implies (x*z)*(y*z)=0  and  (z*y)*(z*x)=0 . 

4)  (x*y)*z=(x*z)*y. 
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5)  (x*y)*x=0. 

6)  x*(x*(x*y))=x*y. 

7) if  (x*y)*z=0  implies  (x*z)*y=0. 

8)  [(x*z)*(y*z)]*(x*y)=0. 

9)  [ ((x*z)*z)*(y*z)]*[(x*y)*z]=0. 

Definition(2.3)[7]  

    A non empty subset I  of a BCK –algebra X is called an ideal of X if the following conditions 

hold : 

1)  I0 , 

2) if  Iyx *  and  Iy  imply .,,  yxIx  

Definition(2.4) [8] 

  A non empty subset I  of a BCK –algebra X is called a p- ideal of  X if the following condition 

hold : 

1)  I0 , 

2) if  zyxIzxIzyandIzyx ,,,***)*(   

Definition (2.5)[4]  

   A Semigroup is an ordered pair ),(  ,where X is a non empty set and " ."  is an associative binary 

operation on X . 

Definition (2.6)[8]  
    Let X be a semigroup and x an element of X . An element e of X is a left identity of x if 

xxe   

, a right identity of x if xex  , an  identity of x if exxex  .    

Definition (2.7)[9]  
     A non-empty subset T of a semigroup X is a sub semigroup of X if it is closed under the 

operation of X , i.e Tba  ,  then Tba  . 

Definition (2.8)[10]  

      A semigroup homomorphism is any mapping Tf :  where X and T are  semigroups 

which satisfies  )()()( yfxfxyf   for all ., yx  

Definition (2.9)[5]           

    A KS-semigroup is a non-empty set X with two binary operation " ∗ " and " ."  , and a constant 0 

satisfies the following axioms: 

1. (X, ∗, 0) is a BCK-algebra. 

2. (X, .) is a semigroup, 

3. x.(y ∗ z) = (x.y) ∗ (x.z) and (x ∗ y).z = (x.z) ∗ (y.z),  for all x, y, z  .  

Remarks (2.10)  
 Throughout this  paper X denotes the KS- semigroups unless otherwise specified . We shall 

write the multiplication xybyyx  .  

  xxx 000  where X is a KS- semigroup,[5] .   

Example (2.11)[5]  

  Let X = {0, 1, 2 ,3 ,4 } be a set with binary operations  "*" and "." defined by the following tables: 
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* 0 1 2 3 4 

0 0 0 0 0 0 

1 1 0 1 1 0 

2 2 2 0 0 0 

3 3 3 3 0 0 

4 4 4 4 0 0 

 

X is a KS- semigroup .  

Definition (2.12)[5]  

       A non empty subset S of X with binary operation * and  . is called sub KS-semigroup of X if it 

satisfies the following condition : 

1)  SyxSyx  ,*  . 

2)  SyxSxy  ,   

Definition (2.13) [3] 

    A strong KS-semigroup is a KS-semigroup X satisfying :   yxxyxyx ,**   

Lemma(2.14) [3] 

     Let X be a strong KS-semigroup then : 

1)   yxyxy ,0*  . 

2)   yxxyxyx ,,0*0* . 

Definition (2.15) [11]  Let X be a non-empty set a fuzzy subset  of X is a function  μ : X → [0, 1]. 

Definition (2.16) [3] 

    Let X and Y be KS-semigroups  a mapping :f  is called a KS-semigroup 

homomorphism (briefly homomorphism ) if )(*)()*( yfxfyxf   and )()()( yfxfxyf   for all 

yx,  . 

   Let :f  KS-semigroup homomorphism . then the set }0)(:{  xfx  is called the kernel 

of f  , and denote by ker f  . Moreover, the set }:)({  xxf  is called the image of  f  and 

denote by Im f   .  

Definition (2.17) [11]  

   Let   and   be a fuzzy sets on X . Define the fuzzy set    as follows: 

)}(),(min{))(( xxx   for all x  . 

Definition (2.18) [11]     

   Let   and   be a fuzzy sets on X . Define the fuzzy set    as follows:  

)}(),(max{))(( xxx   for all x  . 

 Definition (2.19) [5]   
   Let X be a non-empty set and let μ be the fuzzy subset of X for a fixed 0 ≤ t ≤ 1,Then the set  

t = {x X : μ(x) ≥ t } is called an upper level set of  μ .  

Proposition (2.20)[12] Let A and B are fuzzy subKS-semigroup of X. Then  A∩B   is  a  fuzzy 

subKS-semigroup 

Proposition(2.21)    

   Let   and  be fuzzy subKS-semigroups of X then    is a fuzzy subKS-semigroup of X if 

  or . 

Proof: 

 Let   and   are the fuzzy subKS-semigroup , and let  yx,  then  

)}((),(max{))(( xyxyxy                     

   
   

 .))((),)((min

][})(),(max,)(),(min{max

][})(),(min,)(),(max{min

yx

oryyxx

hypothesisbyyxyx













  

. 0 1 2 3 4 

0 0 0 0 0 0 

1 0 0 0 0 0 

2 0 0 0 0 2 

3 0 0 0 1 2 

4 0 1 2 3 4 
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so , 

)}*((),*(max{)*)(( yxyxyx    

                     

   
   

 .))((),)((min

][})(),(max,)(),(min{max

][})(),(min,)(),(max{min

yx

oryyxx

hypothesisbyyxyx













 

Hence    is a fuzzy subKS-semigroup. 

Definition (2. 22) [13]   

   Let :f be a mapping of  KS-Semigroup and   be a fuzzy subset of  Y . The map f  is 

the pre-image of    under f  if   xxff ))((  

Definition  (2.23) [13] 
   Let λ and μ be the fuzzy subsets in a set X the cartesian product 

λ×μ : X×X   [0, 1] is defined by (λ×μ)(x, y) = min{λ(x), μ(y)}   for all x, y X  .  

Proposition(2.24)[12]   
   Let X be a KS-semigroup and let  µ  , ν  be a fuzzy subKS-semigroup then  µ ×  ν is a  

fuzzy subKS-semigroup .  

Definition (2.25) [13] 

   Let    be a fuzzy subset in X  the strong fuzzy relation on X that is a fuzzy relation on  is   

given by  )(),(min),( yxyx    

Proposition (2.26)[12]  

   Let   be a fuzzy subKS-semigroup then  )0()(:   xxG  is a  subKS-semigroup 

Proposition (2.27)[12] 

   Let X be a KS-semigroup, ν  be fuzzy set Then   is fuzzy subKS-semigroup if and only if ν is 

fuzzy subKS-semigroup. 

Proposition (2.28)[12] 

    Let  X be a KS-semigroup and   ,  be two fuzzy sets in X such that    is a fuzzy subKS-

semigroup of   . Then : 
 

1) either  xallforxorx )0()()0()(  . 

2) If )0()(  x   xallfor  then either )0()()0()(   xorx . 

3) If )0()(  x   xallfor  then either )0()()0()(   xorx . 

4) either   or   is a fuzzy subKS-semigroup of X . 
 

3   Normal Fuzzy SubKS- Semigroups   

 In this section , we give the definition of normal fuzzy subKS-semigroup and give some 

properties ,like union , intersection , Cartesian product , image , G  and other properties of normal 

fuzzy subKS-semigroup, also we define maximal element of the normal fuzzy subKS-semigroup 

with some properties .  

Definition (3.1)  

    A fuzzy subKS-semigroup  of X  is said to be normal fuzzy subKS-semigroup if there exists 

x  such that .1)( x  

Remark (3.2)  

    A fuzzy subKS-semigroup   of  X is said to be normal fuzzy subKS-semigroup if and only if 

1)0(   . 

Proof: 

  Let   be a normal fuzzy subKS-semigroup of X. Then  

there exists 1)(  xthatsuchx    

since by [ 12] we have  xx)()0(         
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so 1)0(    then 1)0(   . 

conversely , it is clear . 
 

Example (3.3) 

   Let X = {0, 1, 2 } be a KS-semigroup with binary operation "*" and "." defined by the following 

tables: 
 

 

 

* 0 1 2 

0 0 0 0 

1 1 0 0 

2 2 1 0 

 
 

Define a fuzzy subset ]1,0[:   by  )0(3.0)(1)0( xxand   .Then   is a 

normal fuzzy subKS- semigroup of X . 

 

Proposition (3.4) 

    Let  and   be normal fuzzy subKS-semigroups of X.Then    is a normal fuzzy subKS-

semigroup of X . 

Proof: 

let  and   be normal fuzzy subKS-semigroups of X.Then by [proposition 2.20]     is a fuzzy 

subKS-semigroup of X         also  1)0(1)0(   and   so  

1)}0(),0(min{)0)((    ,therefore    is a normal fuzzy subKS-semigroup . 

Proposition (3.5) 

      Let  and   be normal fuzzy subKS-semigroups of X .Then    be a normal fuzzy subKS-

semigroup of X if    or . 

Proof: It is clear 

 Proposition (3.6)   

    Let   and   be a normal fuzzy subKS-semigroup .Then    is a normal fuzzy subKS-

semigroup . 

Proof: 

 Let   and   be normal fuzzy subKS-semigroup of X  then ,since   and   are fuzzy subKS-

semigroup so by  [proposition 2.24]   is a fuzzy subKS-semigroup  

Now , 1}1,1min{)}0(),0(min{)0,0)((    [since ,  are normal fuzzy subKS-semigroup 

].Hence   is normal fuzzy subKS-semigroup . 

Proposition (3.7) 

     Let :f  be a homomorphism if   is a normal fuzzy subKS-semigroup of Y. Then f  

is a normal  fuzzy subKS-semigroup of X . 

 

Proof: 

 Let   is a normal fuzzy subKS-semigroup of Y and yx,  .Then  

)}(),(min{

]since[))}(()),((min{

]smhomomorphia is since [))()(())(()(

xfxf

semigroupsubKSfuzzyaisyfxf

fyfxfxyfxyf













.So,  

. 0 1 2 

0 0 0 0 

1 0 1 0 

2 0 0 2 
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)}.(),(min{

]since[))}(()),((min{

]smhomomorphisince[))(*)(())*(()*(

xfxf

semigroupsubKSfuzzyaisyfxf

 is a fyfxfyxfyxf













 

Thus f  is a fuzzy subKS-semigroup . Now , 1)0())0(()0(   ff  [since   is a normal 

fuzzy subKS-semigroup]. Hence f  is a normal fuzzy subKS-semigroup .  

 

Proposition (3.8) 

    Let :f  be epimorphism  if f  is a normal fuzzy subKS-semigroup of X  then   is a 

normal fuzzy subKS-semigroup of Y . 

Proof: 

  Let f  be a normal fuzzy sub KS-semigroup of X . 

let ybfxafXbayx  )(,)(,,  

)}(),(min{

))}(()),((min{)}(),(min{)())(())()(()(

yx

bfafbfafabfabfbfafxy








 

Also, in similar way we have  )}(),(min{)*( yxyx   . Therefore,   is a fuzzy subKS-

semigroup . 

Now , 1)0())0(()0(  ff    [sine f  is a normal fuzzy subKS-semigroup] . 

Hence   is a normal fuzzy subKS-semigroup . 

Proposition (3.9) 

    Let    be a fuzzy subset of  KS-semigroup X and v  be a strong fuzzy relation on X .Then   is 

a normal fuzzy subKS-semigroup if and only if  v  is a normal fuzzy subKS-semigroup . 

Proof: 

Let    be a normal fuzzy subKS-semigroup of X , So by [ proposition 2.27] v  is a fuzzy subKS-

semigroup 1}1,1min{)}0(),0(min{)0,0(                 [since   is a normal fuzzy] . 

Therefore v  is a normal fuzzy subKS-semigroup .Conversely, Let v  is a normal fuzzy subKS-

semigroup  of  then So by [ proposition 2.27]   is a fuzzy subKS-semigroup  

1)0( )0()}0(),0(min{1)0,0(sin   thenvce .Hence   is a normal fuzzy subKS-

semigroup . 

Proposition (3.10)  

      Let   be a fuzzy subKS-semigroup of  X .Then a fuzzy set   defined by 

)0(1)()(   xx is a normal fuzzy subKS-semigroup  . 
 

Proof: 

 Let  be a fuzzy subKS-semigroup of X , to prove     is a fuzzy subKS-semigroup  let 

2,1 xx  then  

 

  )
2

(),1(min{)0(1)
2

(),0(1)
1

(min

)0(1)
2

(),
1

(min)0(1)
21

()
21

(

xxxx

xxxxxx
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and in similar way we have  )2(),1(min)2*1( xxxx   hence   is fuzzy subKS-

semigroup .Moreover   x1)0(1)0()0(  therefore    is a normal fuzzy 

subKS-semigroup .  

Easily we can prove the corollaries 3.11 -3.17 

Corollary (3.11)  

 Let   and   be as in the above Proposition . Then 

0)
0

(  x 0)
0

()
0

(  ximpliesxsomefor   .Moreover  is a normal if and only if 

  is a normal . 

Corollary (3.12) 

      For every fuzzy subKS-semigroup   defined on X, we have    )( .Moreover if   is a 

normal then  )( . 

Corollary (3.13) 

     If   and     are two fuzzy subKS-semigroup such that v  and  )0()0(    then vGG  . 

Corollary (3.14) 

    If   and    are normal fuzzy subKS-semigroup of X such that v  then vGG  . 

Remark(3.15)  
 1) Denoted NK(X) for the set of all normal fuzzy subKS-semigroup of X .  

 2)  It is clear that (NK(X),  ) , a poset . 
 

Definition (3.16)  

      A fuzzy subset    defined on KS-semigroup X is called maximal if it is non-constant and   

is  a maximal element of the poset (NK(X),  )  . 

Proposition (3.17)  

      Let   be a non constant normal fuzzy subKS-semigroup of X  if   is a maximal element of  

)),(( NK  .Then   take only values 0 and 1 . 

Proposition (3.18)  

      Let I  be a non-empty subset of X then I  is a subKS-semigroup if and only if  I   is a normal 

fuzzy subKS-semigroup where  

 














Ixif

Ixif
I

0

1
  

 

Proof: 

 Let I  be a subKS-semigroup of X and let Iyx ,  such that 

IxyandIyx * ][ semigroupsubKSaisI   .Then  

)}(),(min{1)( So.)}(),(min{1)*( yIxIxyIyIxIyxI   . 

Then  I  is a  fuzzy subKS-semigroup .Now , since I  is a subKS-semigroup and I  is a non-empty 

subset of X thus IxxthatsuchIx  *0 . Therefore 1)0( I . Hence I   is a normal 

fuzzy subKS-semigroup .Conversely ,suppose that I   is a normal fuzzy subKS-semigroup  ,so 

I   is a fuzzy subKS-semigroup let Iyx ,  .To prove Iyx *  since  

)}(),(min{)*( yIxIyxI    

1)(,1)(  yIxI  .So 1)*(1)*(  yxIyxI  . 
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So Iyx * .Now ,let Iyx ,  so  1)(,1)(  yIxI   .Then 1)}(),(min{)(  yIxIxyI   

,we get  Ixy  . 

 4. Fuzzy Normal  SubKS- Semigroup of KS- Semigroup  

     In this section we give the definition of fuzzy normal subKS-semigroup of X with related  some 

properties ,like union , intersection , Cartesian product , strong  , image  and other properties of  

fuzzy subKS-semigroup .  
 

Definition (4.1)  

      Let X be a KS-semigroups and   a fuzzy set on X . Then    is called a fuzzy normal subKS-

semigroup of X if it satisfies the following conditions: 

)1  is a fuzzy subKS-semigroup of X . 

}0{\,)*()*()2  yxxyyx   . 

 yxyxxy ,)()()3   .  

Remark(4.2)  

   The notions of fuzzy normal subKS-semigroup appear in 2011 such 

that  yxxyyx ,,)*()*(   since we find this condition imply to be   constant since 

 yyyy ,)()0()0*()*0(     

then the results will be simple therefore we omitted{0} in our definition for the second condition . 

Example (4.3) 

   Let X = {0, 1, 2 } be a KS-semigroup with binary operation "*" and "."  defined by the following 

tables: 

 

* 0 1 2 

0 0 0 0 

1 1 0 1 

2 2 2 0 

 

Define a fuzzy subset ]1,0[:   by  )0(2.0)(6.0)0( xxand   then   is a 

fuzzy normal  subKS- semigroup of X . 
 

Proposition (4.4)  

     Let  and   be fuzzy normal subKS-semigroups of X then     be a fuzzy normal sub KS-

semigroup . 

Proof: 

 Let  and   be fuzzy normal subKS-semigroups of X . 

Then    is a fuzzy subKS-semigroup of X   by[proposition 2.20]. Now,  

.,,))((

],[)}(),(min{

)}(),(min{))((







yxyx

semigroupssubKSnormalfuzzyareyxyx

xyxyxy











so, 

.}0{\,)*)((

],[)}*(),*(min{

)}*(),*(min{)*)((







yxxy

semigroupssubKSnormalfuzzyarexyxy

yxyxyx











 

Therefore     is a fuzzy normal subKS-semigroup . 
 

Proposition (4.5)  

      Let   and    be  fuzzy normal subKS-semigroup of X such that   or . Then    

be a fuzzy normal subKS-semigroup . 

Proof: 

Suppose that  and     be fuzzy normal subKS-semigroups, 

. 0 1 2 

0 0 0 0 

1 0 1 0 

2 0 0 2 
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then  and    are fuzzy sub KS-semigroups then  

    be a fuzzy subKS-semigroups [proposition 2.21]. Now,  

 
.,))((

][)}(),(max{)}(),(max{))((





yxyx

hypothesisbyyxyxxyxyxy








 

so,   

.}0{\,)*)((

][)}*(),*(max{)}*(),*(max{)*)((





yxxy

hypothesisbyxyxyyxyxyx








 

Hence    is a fuzzy normal subKS-semigroup .   

Proposition (4.6) 

     Let   and   be fuzzy normal subKS-semigroups of X  then   is a fuzzy normal subKS-

semigroup of  . 

Proof: 

  Let   and   be a fuzzy normal subKS-semigroups of X and let  

)
2

,
1

(,)
2

,
1

(
2

,
1

,
2

,
1

)
2

,
1

(),
2

,
1

( yyyxxxyyxxwhereyyxx   

then   and   be a fuzzy subKS-semigroups of X so   is a fuzzy subKS-semigroup 

[proposition 2.24]. 

))(())
2

,
1

()
2

,
1

)(((

],[)}
22

(),
11

(min{

)}
22

(),
11

(min{)
22

,
11

)(())
2

,
1

()
2

,
1

)((())((

yxxxyy

semigroupssubKSnormalfuzzyarexyxy

yxyxyxyxyyxxxy













and so , 





)
2

,
1

(,)
2

,
1

(

}0{\
2

,
1

,
2

,
1

)
2

,
1

(),
2

,
1

(

yyyxxx

thatsuchyyxxwhereyyxxlet

).*)(())
2

,
1

(*)
2

,
1

)(((

],[)}
2

*
2

(),
1

*
1

(min{

)}
2

*
2

(),
1

*
1

(min{)
2

*
2

,
1

*
1

)(())
2

,
1

(*)
2

,
1

)((()*)((

xyxxyy

semigroupssubKSnormalfuzzyarexyxy

yxyxyxyxyyxxyx













 

Therefore    is a fuzzy normal subKS-semigroup . 

Proposition (4.7)  

      Let    be a fuzzy normal subKS-semigroup of X.Then either    or   is a fuzzy normal 

subKS-semigroup of X . 

Proof: 

Let    be a fuzzy normal subKS-semigroup of X  .Then    be a fuzzy subKS-semigroup of X 

then by [theorem 2.28] ,either   or   is a fuzzy subKS-semigroup of X if   be a fuzzy subKS-

semigroup of X  so by  [theorem 2.28] we have  )0()(  x  to prove    is a normal let 


2

,
1

xx .Then  

)
12

()}
12

(),0(min{)
12

,0)(())
1

,0()
2

,0)(((

))
2

,0()
1

,0)((()
21

,0)((})
21

(),0(min{)
21

(

xxxxxxxx

xxxxxxxx








  

Now , let }0/{
2

,
1

xx  

)1*2(})1*2(),0(min{)1*2,0)(( ))1,0(*)2,0)(((

))2,0(*)1,0)((()2*1,0)((})2*1(),0(min{)2*1(

xxxxxxxx

xxxxxxxx
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Hence   is a fuzzy normal subKS-semigroup .In a similer way  if   is a fuzzy normal subKS-

semigroup and   is a fuzzy subKS-semigroup .We can prove that   is a fuzzy normal subKS-

semigroup . 

Proposition (4.8) 

       Let A be a subKS-semigroup and let   defined by 

21
,

2

1
)( ttwhere

Axift

Axift
x 










   . Then   is a fuzzy normal sub KS-semigroup . 

Proof: 

Let A be a subKS-semigroup and let   defined by  

21
,

2

1
)( ttwhere

Axift

Axift
x 










  

In first we prove   is a fuzzy subKS-semigroup of X ,let yx, . Then  

1
}

1
,

2
min{

)}(),(min{
2

)()(
1

)(,
2

)(,)4

1
}

2
,

1
min{

)}(),(min{
2

)()(2)(,1)(,)3

)(),(min{2)(,)2

)}(),(min{1)(,)1

ttt

yxtxysoAxyandtytxthenAyAxIf

ttt

yxtxysoAxyandtytxthenAyAxIf

yxtxyAxythenAyxIf

yxtxyAxythenAyxIf





















 

so  )}(),(min{)( yxxy    by a similar way }.0{\,)}(),(min{)*(  yxyxyx   

Therefore ,   is a fuzzy subKS-semigroup .Now,  

.)(
2

)(,,since,)2

.)(
1

)(,,since,)1

yxtxythenAyxAxysemigrroupsubKSisAAyxif

yxtxythenAyxAxysemigrroupsubKSisAAyxif








 

.)(
2

)(.,,)4

.)(
2

)(.,,)3

yxtxyThusAyxAxythenAyAxif

yxtxyThusAyxAxythenAyAxif








 

so   .,)()(  yxallforyxxy    Also,  

.)*(
2

)*(

]*,*since[,)2

.)*(
1

)*(

]*,*since[,)1

xytyxthen

AxyAyxsemigrroupsubKSisAAyxIf

xytyxthen

AxyAyxsemigrroupsubKSisAAyxIf













 

.)*(
2

)*(.*,*,)4

.)*(
2

)*(.*,*,3

xytyxThusAxyAyxthenAyAxIf

xytyxThusAxyAyxthenAyAxIf







   

so  .}0{\,)*()*(  yxallforxyyx  Hence   is a fuzzy normal subKS-semigroup .  

Proposition (4.9) 

     Let   be a fuzzy subKS-semigroup of  X and    strongest fuzzy relation on X. Then   is a 

fuzzy normal subKS-semigroup if and only if    is a fuzzy normal subKS-semigroup of   . 

Proof: 

Let   be a fuzzy normal subKS-semigroup of X  , .)
2

,
1

()
2

,
1

(  yyyandxxx  Now  
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clearly    is a fuzzy subKS-semigroup by [proposition 2.27] . Now,  

)())
2

,
1

()
2

,
1

((

)
22

,
11

(        

][})
22

(,)
11

(min{

})
22

(,)
11

(min{)
22

,
11

()(

yxxxyy

xyxy

semigroupsubKSnormalfuzzyaisxyxy

yxyxyxyxxy

















 

and , let }0{\, yx  

)*())
2

,
1

(*)2,
1

(()
2

*
2

,
1

*
1

(

][})
2

*
2

(,)
1

*
1

(min{

})
2

*
2

(,)
1

*
1

(min{)
2

*
2

,
1

*
1

()*(

xyxxyyxyxy

semigroupsubKnormalfuzzyaisxyxy

yxyxyxyxyx













  

Hence   is a fuzzy normal subKS-semigroup .Conversely , assume that   is a fuzzy normal 

subKS semigroup of   then for any .)
2

,
1

()
2

,
1

(  yyyandxxx  We know that 

  is a fuzzy subKS-semigroup. To prove that   is a fuzzy normal subKS-semigroup there are two 

cases : 

   
  )

11
()

22
(),

11
(min

)
22

,
11

()
2

,
1

()
2

,
1

()()()
22

(),
11

(min)
11

(

.)
2

,
1

(,)
2

,
1

()
22

()
11

()1

xyxyxy

xyxyxxyyyxxyyxyxyx

ThenyyyxxxwhereyxyxIf













 

))
11

(,)
22

(()}
11

(),
22

(min{)
11

(

)
11

()
22

()
22

()
11

(

,)
22

()
11

(since

xyyxxyyxyxso

xyxyandyxyx

havewexyyxif













 

 

.)
2

,
1

(,)
2

,
1

()
11

()
11

(

.)
11

()
11

(

2
,

1
,

2
,

1
since)

12
(),

12
(

)
11

()}
11

(),
22

(min{

)
11

,
22

())
12

).(
12

(())
12

).(
12

(()
11

(

Xyyxxxyyxgetwe

ioncontraductThisyxyxso

yyxxxyyxwhere

yxvyxvxyv

yxxyyxxyxyyxyxthen

















 

)
11

()
22

()2 yxyxIf    

In a similar way we get  XX)
2

,
1

(,)
2

,
1

()22
()

22
(  yyxxxyyx   

Now , let }0{\
2

,
1

,
2

,
1

such that )
2

,
1

(,)
2

,
1

(  yyxxyyyxxx  there are two 

cases : 

 
   

}0{\
2

,
1,2

,
1

)
1

*
1

()
1

*
1

(

).
1

*
1

()
2

*
2

(),
1

*
1

(min)
2

,
1

(*)
2

,
1

(               

)*()*()
2

*
2

(),
1

*
1

(min)
1

*
1

(

)
2

*
2

()
1

*
1

()1









yyxxxyyxso

xyxyxyxxyy

xyyxyxyxyx

thenyxyxIf









  

2)  )
1

*
1

()
2

*
2

( yxyxIf    .In similar way we get )
2

*
2

()
2

*
2

( xyyx    . 

Hence    is a fuzzy normal subKS-semigroup . 
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Remark(4.10) 

    If    is a fuzzy set such that for all 1)(,  xx   then   is a normal fuzzy subKS-semigroup 

and   is a fuzzy normal subKS-semigroup . 

proof: it is clear 

Proposition (4.11) 

       Let :f  be a homomorphism if   is a fuzzy normal subKS-semigroup of Y . Then f  

is a fuzzy normal subKS-semigroup of X . 

Proof: 

 Let   be a fuzzy normal subKS-semigroup of Y .Then  

f  is a fuzzy subKS-semigroup [by Proposition (3.7)].Now ,  let yx,  ,so  

 

)()((               

]since[))()((

]smhomomorphi[))()(())(()(

yxfyxf

semigroupsubKSnormalfuzzyisxfyf

aisfyfxfxyfxyf













 

and let ,}0/{, yx  so  

).*())*((                

]since[))(*)((

]smhomomorphi[))(*)(())*(()*(

xyfxyf

semigroupsubKSnormalfuzzyisxfyf

aisfyfxfyxfyxf













 

Hence f  is a fuzzy normal subKS-semigroup . 

Proposition (4.12) 

      Let :f  be an  epimorphism if f  is a fuzzy normal subKS-semigroup of X . Then   

is a fuzzy normal subKS-semigroup of Y . 
 

 

Proof: 

 Let f  be a fuzzy normal subKS-semigroup of X so   is a fuzzy subKS-semigroup [by 

Proposition (3.8)] 

let ybfxafthatsuchbayx  )(,)(,,  [f is an epimorphism]  

.)())()(())((

]since[)()())(())()(()(

yxafbfbaf

semigroupsubKSnormalfuzzyaisfbafabfabfbfafxy









and  let ,)(,)(,,}0/{, ybfxafthatsuchbasoyx   so 

0)0(since0,  fba  in a similar way we can prove .)*()*( xyyx    

Hence   is a fuzzy normal subKS-semigroup .  

Proposition (4.13) 

    Let   be a non constant fuzzy normal subKS-semigroup of X such that   is a fuzzy KS-ideal of 

X then  

))0(,0[,
0

0)0(



 












 twhere

xift

xif
  

Proof: 

Let   be a non constant fuzzy normal subKS-semigroup of X,  

and let yx, /{0} , since   is a fuzzy KS-ideal ,so  
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0,,.)()()()*( ince

)()}(),*(min{                          

][)}(),*(min{)()(

),()(.)()*(

][sin)}(),*(min{)}(),*(min{)(











yxthatsuchyxallforxyimpliesxyxs

xxyx

idealKSofdefinitionbyxxyyxbut

yxHenceyxybut

semigroupsubKSnormalfuzzyaisceyxyyyxx











that is mean   is a constant for each 0, yx   

 xallforxce )()0(sin   , and   is a non constant, so  

))0(,0[
0

0)0(



 












 twhere

xift

xif
 . 

Proposition (4.14)  

      Let   be a  fuzzy normal subKS-semigroup of  X .Then the fuzzy set    defined by 

)0(1)()(   xx is a fuzzy normal subKS-semigroup .  

Proof:it is clear 

Proposition (4.15) 

     Let I  be a non-empty subset of X . Then I  is a subKS-semigroup if only if   I   is a fuzzy 

normal subKS-semigroup, where  














Ixif

Ixif
I

0

1
  

Proof: 

   Let I  is a subKS-semigroup of X.Then  

  I  is a fuzzy subKS-semigroup        [by Proposition ( 3.18)]        

Now, yx,  then there are several cases : 

.0)()(,)2

.1)()(,)1





yxIxyIthenIyxandIxythenIyxIf

yxIxyIthenIyxandIxythenIyxIf




 

.)()(

.0)()(,,)4

.0)()(,,)3

yxIxyIthus

yxIxyIthenIyxxythenIyIxIf

yxIxyIthenIyxxythenIyIxIf













 

In a similar way we can prove  }.0{\,)*()*(  yxxyIyxI   

Hence  I   is a fuzzy normal subKS-semigroup . 

Conversely , 

let I   is a fuzzy normal subKS-semigroup we can prove I is a subKS-semigroup of X in a similar 

way of Proposition (3.18) . 

 
 

Proposition (4.16)  

    Let X be a KS-semigroup and bbaathatsuchba  22 ,}0{\,   and 

)()(.}0{\, baThenxbbxaax    where    is a fuzzy normal subKS-semigroup  . 
 

Proof: 

Let   be a fuzzy normal subKS-semigroup of X and  

Let  bbaathatsuchba  22 ,}0{\,  .Then  

.]}0{\[sin)()(

][)()()(

}]0{\[)()(







xbbxcebaso

semigroupsubKSfuzzynormalaisbaaba

bxletxaxaaxa
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5 . Fuzzy Normal SubKS- Semigroup of Fuzzy SubKS- Semigroup 

   In this section , we give the definition of fuzzy normal subKS-semigroup of fuzzy subKS-

semigroup of X  and give some of properties ,like union , intersection , Cartesian product ,image 

and other properties of fuzzy subKS-semigroup of fuzzy subKS-semigroup .  

Definition (5.1)  

         Let X be a KS-semigroups ,   and   are fuzzy subKS-semigroups of X such that    then  

   is called fuzzy normal subKS-semigroup of fuzzy subKS-semigroup     if : 

)}(),*(min{)*()1( yyxxy    

)}(),(min{)()2( yxyyx   ,    yx, . 

Example (5.2) 

   Let X = {0, 1, 2,3 } be a KS-semigroup with binary operation "*" and "."  defined by the 

following tables: 

 

* 0 1 2 3 

0 0 0 0 0 

1 1 0 1 1 

2 2 2 0 0 

3 3 2 1 0 

 

Define two fuzzy sets   ,    ]1,0[:   , by 

 1.0)3(,2.0)2(,4.0)1(,8.0)0(     and  

1.0)3(,2.0)2(,4.0)1(,5.0)0(    then by usual calculations we can prove that  

is a fuzzy normal subKS- semigroup of .  
 
  

Proposition (5.3) 

       Let X be a KS-semigroup and let   and   be fuzzy normal subKS-semigroup of fuzzy subKS-

semigroups   . Then    is a fuzzy normal sub KS-semigroup of    . 

Proof: 

 Let   and   are fuzzy normal subKS-semigroup of fuzzy subKS-semigroup   .  

then      is a fuzzy subKS-semigroup [proposition 2.20]. 

Now , let yx,  ,  since )}(),*(min{)*(,)}(),*(min{)*( yyxxyyyxxy   and 

)}(),(min{)(,)}(),(min{)( yxyyxyxyyx   .Therefore 

)}(),)(min{()}(),(min{)},(),(min{min{

)}}(),(min{)},(),(min{min{)}(),(min{))(()1

yxyyyxyxy

yxyyxyyxyxyx












 

and,  

)}(),*)(min{()}(),(min{)},*(),*(min{min{

)}}(),*(min{)},(),*(min{min{)}*(),*(min{)*()()2

yyxyyyxyx

yyxyyxxyxyxy












 

Hence     is a fuzzy normal subKS-semigroup of    .  

Proposition (5.4) 

        Let X be a KS-semigroups and let   and   are fuzzy normal subKS-semigroup of fuzzy 

subKS-semigroup   then    is a fuzzy normal subKS-semigroup of    if   or . 

Proof: 

Let   and   are fuzzy normal subKS-semigroup of fuzzy subKS-semigroup   .    is a fuzzy 

subKS-semigroup  so by [proposition 2.21]  . Now ,  let yx,  .Then  

. 0 1 2 3 

0 0 0 0 0 

1 0 1 0 1 

2 0 0 2 2 

3 0 1 2 3 
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)}(),)(min{(

]since)}[(),(max{)},(),(min{max{

)}}(),(min{)},(),(max{min{)}(),(max{))(()1

yxy

oryyxyxy

yxyyxyyxyxyx

















 

and so , 

)}(),*)(min{(

][)}(),(max{)},*(),*(min{max{

)}}(),*(min{)},(),*(max{min{

)}*(),*(max{)*)(()2

yyx

oryyyxyx

yyxyyx

xyxyxy





















 

Hence     is a fuzzy normal subKS-semigroup of    .  

Proposition (5.5) 

       Let A,   be fuzzy subKS-semigroup in X and   strongest fuzzy relation on X if A is a fuzzy 

normal subKS-semigroup of   . Then  A  is a  fuzzy normal subKS-semigroup of     . 

Proof: 

  Let A be a fuzzy normal subKS-semigroup of    so A is a fuzzy subKS-semigroup of X so by  

[proposition 2.27] A  is a fuzzy subKS-semigroup of X  and   is a fuzzy subKS-semigroup of X  

Now, to prove A  be a fuzzy normal  subKS-semigroup of    . 

)}(),(min{

)}(),
22

,
11

(min{)}}
2

(),
1

(min{)},
22

(),
11

(min{min{

])}}[
2

(),
22

(min{)},
1

(),
11

(min{min{

)}
22

(),
11

(min{)
22

,
11

()()1

yxyA

yyxyxAyyyxAyxA

vofnormalfuzzyaisAyyxAyyxA

xyAxyAxyxyAyxA
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2

*
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,
1

*
1

(min{                 

)}}
2
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1

(min{)},
2

*
2

(),
1

*
1

(min{min{

])}}[
2

(),
2

*
2

(min{)},
1

(),
1

*
1

(min{min{

)}
2

*2(),
1

*
1

(min{)
2

*
2

,
1

*
1

()*()2

yyxAyyxyxA

yyyxAyxA

vofnormalafuzzyisAyyxAyyxA

xyAxyAxyxyAxyA

















 

Hence A  is a  fuzzy normal subKS-semigroup of    .  

Proposition (5.6) 

    If    and   are fuzzy normal subKS-semigroup of fuzzy subKS-semigroup   then    is a 

fuzzy normal subKS-semigroup of    . 

Proof: 

  Let   and   are  fuzzy normal subKS-semigroup of   . 

let )
2

,
1

(,)
2

,
1

()
2

,
1

(,)
2

,
1

( yyyxxxthatsuchyyxx   

so  ,,  are fuzzy subKS-semigroup of X ,  then by [proposition 2.24]     is a fuzzy subKS-

semigroup ,  so  by [proposition 2.24]  then    is a fuzzy subKS-semigroup of    . Now, to 

prove    is a fuzzy normal subKS-semigroup of    

)}(),)(min{()}
2

,
1

()),
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,
1

)(
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,
1

)((min{(

)}}
2
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1

(min{)},
22
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)((())((

yxyyyyyxx

yyyxyx

yyxyyx

xyxyxyxyxxyyyx

















 

and so ,  
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)}(),*)(min{()}
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1
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1
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1

(*)
2

,
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yyxyyyyxx

yyyxyx

yyxyyxxyxy
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Hence    is a fuzzy normal subKS-semigroup of     .  

Proposition (5.7) 

       Let :f  be a homomorphism if    is a fuzzy normal subKS-semigroup of  a fuzzy 

subKS-semigroup   . Then f  is a fuzzy normal subKS-semigroup of f  . 
 

Proof: 

Let   is a fuzzy normal subKS-semigroup of    . Then 

]since[)())(())(()(   xfxfxfxf  and f  is a fuzzy subKS-semigroup 

where by Proposition (3.8) f  is a fuzzy subKS-semigroup . 

Now, to prove f  is a fuzzy normal subKS-semigroup of 
f  . Since 

)}(),(min{)}()),((min{

))}(()),()((min{))()(())(()(

yfxyfyfxyf

yfyfxfxfyfyxfyxf








 

so, 

)}(),*(min{)}()),*((min{

))}(()),(*)((min{))(*)(())*(()*(

yfyxfyfyxf

yfyfxfxfyfxyfxyf








 

Hence f  is a fuzzy normal subKS-semigroup of f  . 

Proposition (5.8)  

    Let :f  epimorphism  if f  is a fuzzy normal subKS-semigroup of  f  . Then   is a 

fuzzy normal subKS-semigroup of   . 

Proof: 

 Let f  is a fuzzy normal subKS-semigroup of f  then  since f  is an epimorphism if 

xafthatsuchax  )(

 xxxsoxafafafafx )()()())(()()())(()(   and   is a fuzzy 

subKS-semigroup     [by Proposition (3.8)] 

Now , let ybfxafthatsuchXbayx  )(,)(,, . Then  

)}(),(min{)}()),()((min{))}(()),((min{

)}(),(min{)())(())()(()(

yxyybfafbfabf

bfabfbafbafafbfyx








 

and so , 

 
)}.(),*(min{)}()),(*)((min{))}(()),*((min{

)}(),*(min{)*())*(())(*)(()*(

yyxybfafbfbaf

bfbafabfabfafbfxy








 

Hence   is a fuzzy normal subKS-semigroup of   .    

Proposition (5.9)  

    Let   be a fuzzy normal subKS-semigroup  of    and    is a normal fuzzy subKS-semigroup of 

X . Then  .    
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Proof: 

 let   be a fuzzy normal subKS-semigroup  of    , so      since 

)}(),*(min{)*( yyxxy     since   is a normal fuzzy subKS-semigroup of X so 1)0(   

.Now, 0xif  we have  )()}(,1min{)}(),0(min{)( yyyy    . But 

 yyysoyyy ,)()(   ,)()(     
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