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Abstract:

In this paper, we introduce new types of normalities of fuzzy KS-Semigroups, namely
normal fuzzy subks- semigroups , fuzzy normal subks- semigroup of KS- semigroup and fuzzy
normal subks- semigroup of fuzzy subKS- semigroup .Also,we study some of their properties .
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1.1Introduction:

The notation of BCK algebra introduced by Y.Imai and K.lIse'ki [1] in 1966 . In the same year,
K. Ise'ki [2]introduced the notation of BCI algebra which is a generalization of BCK algebra. In
2006 ,Kyung Ho Kim [3] introduced a new class of algebraic structure called KS semigroup .In
2009 Jocelyns S. Paradero Vilea and Mila Cawi [ 4] characterized ideals of KS- Semigroups and
prove some properties .In 2007 , D.R. Prince Wiliams and Husain Shamshad[5] fuzzify KS
semigroup and called it fuzzy KS Semigroups and introduced the notations of fuzzy subKS-
Semigroups, fuzzy KS ideal ,fuzzy KS P ideal and investigated some of their related properties. In
this paper, we define three new types of normalities of fuzzy KS-Semigroups and study their
properties and prove some interested propositions .
2.Preliminary

This section contains some basic concepts that we needed it in this paper.
Definition (2.1)[5]
An algebraic system (X, *, 0) is called a BCK algebra if it satisfies the
following conditions:
1) ((x*y)*(x*2))*(z*y)=0,
2) (x*(x*y))*y=0,
3) x*x=0,
4) 0%xx=0
5if x*xy=0and y*x=0 then xX=y, VX,y,ZeX .
Remarks (2.2) [6]
Let X be a BCK algebra :

= A partial ordering ” <” on X can be defined by x <y ifand only if X *y=0.
= A BCK-algebra X has the following properties:
1) x*0=x.
2) if x*y=0 and y*z=0 imply x*z=0.
3) if x*y=0 implies (x*z)*(y*z)=0 and (z*y)*(z*x)=0.
4) (x*y)*z=(x*2)*y.
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5) (x*y)*x=0.
6) X*(X*(x*y))=x*y.
7)if (x*y)*z=0 implies (x*z)*y=0.
8) [(x*2)*(y*Z)*(x*y)=0.
9) [((x*2)*2)*(y*2)]*[(x*y)*Z]=0.
Definition(2.3)[7]
A non empty subset | of a BCK —algebra X is called an ideal of X if the following conditions
hold :
1) Oel,
2)if x*yel and yel imply xel, V xyeX.
Definition(2.4) [8]
A non empty subset | of a BCK —algebra X is called a p- ideal of X if the following condition
hold :

1) Oel,
2)if (x*y)*zel and y*zel —=x*zel, VXYVy,zeX
Definition (2.5)[4]
A Semigroup is an ordered pair (X,-) ,where X is a non empty set and " ." is an associative binary

operation on X .
Definition (2.6)[8]

Let X be a semigroup and x an element of X . An element e of X is a left identity of x if
e- X=X
, a right identity of x if x-e=x, an identity of x if x=e-x=x-e .
Definition (2.7)[9]

A non-empty subset T of a semigroup X is a sub semigroup of X if it is closed under the
operation of X ,i.e V a,beT then a-beT.
Definition (2.8)[10]

A semigroup homomorphism is any mapping f:X —>T where X and T are semigroups

which satisfies f(xy)= f(x)f(y) forall x,yeX.
Definition (2.9)[5]

A KS-semigroup is a non-empty set X with two binary operation " * " and " ." , and a constant 0
satisfies the following axioms:
1. (X, *, 0) is a BCK-algebra.
2. (X, .) is a semigroup,
3. X.(y*2z) = (xy) * (x.z) and (X * y).z = (X.2) * (y.2), forall x,y,z eX.
Remarks (2.10)
" Throughout this paper X denotes the KS- semigroups unless otherwise specified . We shall
write the multiplication x-y by xy.
» X0=0x=0 VxeX where XisaKS-semigroup,[5] .
Example (2.11)[5]

Let X ={0, 1, 2,3 ,4 } be a set with binary operations "*" and "." defined by the following tables:
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X is a KS- semigroup .
Definition (2.12)[5]
A non empty subset S of X with binary operation * and . is called sub KS-semigroup of X if it
satisfies the following condition :
1) x*yeS V x,yeS.
2) xye$S Y XYyeS
Definition (2.13) [3]

A strong KS-semigroup is a KS-semigroup X satisfying: x*y=x*xy V x,yeX
Lemma(2.14) [3]

Let X be a strong KS-semigroup then :

1) xy*y=0 V x,yeX.

2) x*y=0c>x*xy=0, V x,yeX.

Definition (2.15) [11] Let X be a non-empty set a fuzzy subset « of X is a function p: X — [0, 1].
Definition (2.16) [3]

Let X and Y be KS-semigroups a mapping f:X—>Y is called a KS-semigroup
homomorphism (briefly homomorphism ) if f(x*y)=f(x)* f(y) and f(xy)= f(x)f(y) forall
x,yeX .

Let f:X—Y KS-semigroup homomorphism . then the set {x € X: f (x) =0} is called the kernel
of f , and denote by ker f . Moreover, the set {f(x) e Y: x e X} is called the image of f and
denote by Im f .

Definition (2.17) [11]

Let # and v be a fuzzy sets on X . Define the fuzzy set u(\v as follows:

(NV)(X) = min{u(x), v(x)}forall xe X .
Definition (2.18) [11]

Let « and v be a fuzzy sets on X . Define the fuzzy set ¢ U v as follows:

(e Uv)(X) = max{ (X)), v(x)}forall xe X .
Definition (2.19) [5]

Let X be a non-empty set and let p be the fuzzy subset of X for a fixed 0 <t < 1,Then the set
st ={x €X:w(x) >t} is called an upper level set of p .

Proposition (2.20)[12] Let A and B are fuzzy subKS-semigroup of X. Then ANB is a fuzzy
SsubKS-semigroup
Proposition(2.21)

Let © and vbe fuzzy subKS-semigroups of X then xUv is a fuzzy subKS-semigroup of X if

MUV OF vCu.
Proof:
Let « and v are the fuzzy subKS-semigroup , and let X,y € zUv then

(Uv)(y) = max{ (xy), v(()}
> max{min {(x), u«(y)} min{v(x),v(y)}  [by hypothesis]
= ming{max {(x), v ()}, max{u(y),v(N}  [ucvorve ]
= min{(z Uv)(x), ( Uv)(y)}.
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SO,
(Uv)(x*y) = maxg (x> y), v((x* y)}

> max{min {z(x), (y)}, min{v(x),v(y)} [by hypothesis ]

= min{max {£(x), v(x)}, max{u(y), v(y)} [cvorvc ]

= min{(zUv)(x), (u Uv)(y)}-
Hence uJv is a fuzzy subKS-semigroup.
Definition (2. 22) [13]

f

Let f :X — Y be a mapping of KS-Semigroup and x be a fuzzy subset of Y . Themap « is

the pre-image of x under f if yf =u(f(x)) vxeX
Definition (2.23) [13]
Let A and p be the fuzzy subsets in a set X the cartesian product
Axp s XxX 720, 1] is defined by (Axp)(x, y) = min{A(x), w(y)} forallx,y< X
Proposition(2.24)[12]
Let X be a KS-semigroup and let u ,v be a fuzzy subKS-semigroup then pu x visa
fuzzy subKS-semigroup .
Definition (2.25) [13]
Let v be a fuzzy subset in X the strong fuzzy relation on X that is a fuzzy relation on is p,,
given by py, (x, y) = min{v(x),v(y)}
Proposition (2.26)[12]
Let x be a fuzzy subKS-semigroup then Gy = {x e X:u(x) = ,u(O)} isa subKS-semigroup
Proposition (2.27)[12]
Let X be a KS-semigroup, v be fuzzy set Then p,, is fuzzy subKS-semigroup if and only if v is
fuzzy subKS-semigroup.
Proposition (2.28)[12]
Let X be a KS-semigroup and ¢z , A4 be two fuzzy sets in X such that g x A is a fuzzy subKS-
semigroup of XxX . Then:
1) either z(x) < u(0) or A(x)<A(0) for all xeX.
2) If u(x)<u(0) for all xeX theneither u(x)<A(0) or A(x)<A(0) .
3) If A(x)<A(0) for all xe X then either u(x) < x(0) or A(X) < u(0) .
4) either u or A isafuzzy subKS-semigroup of X .
3 Normal Fuzzy SubKS- Semigroups
In this section , we give the definition of normal fuzzy subKS-semigroup and give some
properties ,like union , intersection , Cartesian product , image , Gﬂ and other properties of normal
fuzzy subKS-semigroup, also we define maximal element of the normal fuzzy subKS-semigroup
with some properties .
Definition (3.1)
A fuzzy subKS-semigroup g of X is said to be normal fuzzy subKS-semigroup if there exists
X € X such that u(x) =1.
Remark (3.2)
A fuzzy subKS-semigroup « of X is said to be normal fuzzy subKS-semigroup if and only if
u0)=1.
Proof:
Let & be a normal fuzzy subKS-semigroup of X. Then

there exists xe X such that u(x)=1
since by [ 12] we have #(0) > u(x) Vxe X
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so p(0)>1 then x(0)=1.
conversely , it is clear .
Example (3.3)

Let X = {0, 1, 2 } be a KS-semigroup with binary operation "*" and "." defined by the following
tables:

N R o
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Define a fuzzy subset x:X —[01] by #(0)=1 and x(x)=0.3 V (x=0)e X .Then u isa
normal fuzzy subKS- semigroup of X .

Proposition (3.4)
Let zand v be normal fuzzy subKS-semigroups of X.Then (v is a normal fuzzy subKS-

semigroup of X .
Proof:
let zand v be normal fuzzy subKS-semigroups of X.Then by [proposition 2.20] «(v is a fuzzy
subKS-semigroup of X also #(0)=1 and v(0)=1 so
(M v)(0) = min{ x(0),v(0)} =1,therefore (v is a normal fuzzy subKS-semigroup .
Proposition (3.5)
Let zand v be normal fuzzy subKS-semigroups of X .Then xUJv be a normal fuzzy subKS-
semigroup of X if ucv or vcu.
Proof: It is clear
Proposition (3.6)
Let # and v be a normal fuzzy subKS-semigroup .Then uxv is a normal fuzzy subKS-
semigroup .
Proof:
Let «# and v be normal fuzzy subKS-semigroup of X then ,since ¢ and v are fuzzy subKS-
semigroup so by [proposition 2.24] uxv is a fuzzy subKS-semigroup
Now , (xxv)(0,0) =min{(0),v(0)}=min{L1} =1 [since i ,v are normal fuzzy subKS-semigroup
].Hence wuxv is normal fuzzy subKS-semigroup .
Proposition (3.7)
Let f: X — Y beahomomorphism if x is a normal fuzzy subKS-semigroup of Y. Then ,uf

is a normal fuzzy subKS-semigroup of X .

Proof:
Let u is a normal fuzzy subKS-semigroup of Y and X,y € X .Then

yf (xy) = pu(f(xy))=pu(f(x)- f(y)) [since fisahomomorphism]
>min{u(f(x)), u(f(y))} [since uisa fuzzysubKS —semigroup].So,

= minfu " (), T (0}

33



Journal of Kerbala University , Vol. 13 No.3 Scientific . 2015

,uf (x*y)=pu(f(x*y))=pu(f(x)* f(y)) [since fisa homomorphism]
>min{ (T (X)), u(f(y))} [since u isa fuzzy subKS —semigroup]
=min{u " ()" (0.

Is a fuzzy subKS-semigroup . Now , yf (0) = u(f(0)) = 1(0) =1 [since u isanormal
f

Thus ,uf

fuzzy subKS-semigroup]. Hence x° is a normal fuzzy subKS-semigroup .

Proposition (3.8)

Let f:X —Y beepimorphism if ,uf

normal fuzzy subKS-semigroup of Y .
Proof:

is a normal fuzzy subKS-semigroup of X then 4 isa

Let yf be a normal fuzzy sub KS-semigroup of X .
let x,yeY JabeX >f(@=x,f(b)=y

w(xy) = p(F (@) F (0)) = p(f (ab)) = s« (ab) = minguu " (), 1T (0)} = min{u( (@), u( f (D))}
= min{x(x), u(y)}

Also, in similar way we have u(x*y) > min{u(x), u(y)}. Therefore, x is a fuzzy subKS-
semigroup .
Now , 4(0) = (£ (0)) = " (©) =1 [sine '
Hence u isanormal fuzzy subKS-semigroup .
Proposition (3.9)

Let v be a fuzzy subset of KS-semigroup X and py be a strong fuzzy relation on X .Then v is
a normal fuzzy subKS-semigroup if and only if p, is a normal fuzzy subKS-semigroup .
Proof:
Let v be a normal fuzzy subKS-semigroup of X, So by [ proposition 2.27] py is a fuzzy subKS-
semigroup p,,(0,0) = min{v(0),v(0)} = min{11} =1 [since v is a normal fuzzy] .
Therefore py, is a normal fuzzy subKS-semigroup .Conversely, Let py is a normal fuzzy subKS-
semigroup of X x Xthen So by [ proposition 2.27] v is a fuzzy subKS-semigroup
since py(0,0) =1=min{v(0),v(0)}=v(0) then v(0)=1 .Hence v isanormal fuzzy subKS-
semigroup .
Proposition (3.10)

Let 1 be a fuzzy subKS-semigroup of X .Then a fuzzy set ,u+ defined by

Is a normal fuzzy subKS-semigroup] .

,u+(X) = u(x) +1— 1£(0) is a normal fuzzy subKS-semigroup .

Proof:

Let u be afuzzy subKS-semigroup of X, to prove ,u+

X1, X2 € X then

is a fuzzy subKS-semigroup let

T (xg %) = Xy X9 ) +1=(0) Z min{u(xy ), u(x ) }+1-p(0)

=min{uu(x1 ) +1=p(0), t(x ) +1= p(0) }=min{p™ (x1), 1™ ()
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and in similar way we have 4™ (x *x2) = min{ z"(x)), 2" (x2) thence u* is fuzzy subKS-

semigroup .Moreover ,u+(0) =u(0)+1- u(0)=1 V xeXtherefore ™ isanormal fuzzy
subKS-semigroup .

Easily we can prove the corollaries 3.11 -3.17

Corollary (3.11)

Let 2 and ™ be as in the above Proposition . Then
,u+(X0) =0 (for some Xg € X) implies ,u(xo) =0 .Moreover g isanormal if and only if

ut isanormal .
Corollary (3.12)

For every fuzzy subKS-semigroup u defined on X, we have (u*)* = 1 .Moreover if 4 isa

normal then (1) = 4.
Corollary (3.13)
If £« and v are two fuzzy subKS-semigroup such that ;2 < v and (0) =v(0) then Gﬂ < Gy.

Corollary (3.14)
If £ and v are normal fuzzy subKS-semigroup of X such that x < v then G, =Gy.

Remark(3.15)
1) Denoted NK(X) for the set of all normal fuzzy subKS-semigroup of X .
2) lItis clear that (NK(X), <), a poset .

Definition (3.16)

A fuzzy subset 4 defined on KS-semigroup X is called maximal if it is non-constant and ,u+
is a maximal element of the poset (NK(X), <) .
Proposition (3.17)

Let « be a non constant normal fuzzy subKS-semigroup of X if x is a maximal element of
(NK(X),©) .Then u take only values O and 1.
Proposition (3.18)

Let I be a non-empty subset of X then | is a subKS-semigroup if and only if y| isanormal
fuzzy subKS-semigroup where

B 1 if xel
170 it xel
Proof:

Let | be a subKS-semigroup of X and let x,y € I such that
x*yel and xyel [1 isa subKS —semigroup ] .Then

21 (xFy)=1=min{y (x), 71 ()} So x1 (xy) =1=min{y (x), 71 (¥)} -

Then y) isa fuzzy subKS-semigroup .Now , since | is a subKS-semigroup and | is a non-empty
subset of X thus 3 xel suchthat 0=x*xe| . Therefore x| (0)=1.Hence y| isanormal
fuzzy subKS-semigroup .Conversely ,suppose that y| is a normal fuzzy subKS-semigroup ,so
x| isafuzzy subKS-semigroup let x,y € | .To prove x*y e | since

21 (x*y)=min{x| (x), 71 (V)}

2100 =Lx1(y)=1.50 ] (x*y) 21= y (x*y) =1.
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So x*yel.Now,let x,yel so y(X)=1x1(y)=1.Then x| (xy)=min{y| (x), x1 (V)}=1
weget xyel .
4. Fuzzy Normal SubKS- Semigroup of KS- Semigroup
In this section we give the definition of fuzzy normal subKS-semigroup of X with related some
properties ,like union , intersection , Cartesian product , strong , image and other properties of
fuzzy subKS-semigroup .
Definition (4.1)
Let X be a KS-semigroups and x a fuzzy seton X . Then x is called a fuzzy normal subKS-

semigroup of X if it satisfies the following conditions:
1) u isafuzzy subKS-semigroup of X .
2) u(x*y) = p(y*x) vxyeX\{0}.
3) u(xy) = pu(yx) vxyeX.
Remark(4.2)

The notions of fuzzy normal subKS-semigroup appear in 2011 such
that u(x*y)=u(y*x), VX ye X since we find this condition imply to be x constant since

#(0*y) = u(y*0) = u(0) = pu(y) , vVyeX
then the results will be simple therefore we omitted{0} in our definition for the second condition .
Example (4.3)

Let X ={0, 1, 2 } be a KS-semigroup with binary operation "*" and "." defined by the following
tables:

* 0 1 2 : 0 1 2
0 0 0 0 0 0 0 0
1 1 0 1 1 0 1 0
2 2 2 0 2 0 0 2

Define a fuzzy subset #:X —[01] by «#(0)=0.6 and x(x)=0.2 V(x=0)e X then u is a
fuzzy normal subKS- semigroup of X .
Proposition (4.4)

Let xand v be fuzzy normal subKS-semigroups of X then (v be a fuzzy normal sub KS-
semigroup .
Proof:
Let #and v be fuzzy normal subKS-semigroups of X .

Then uv is a fuzzy subKS-semigroup of X by[proposition 2.20]. Now,
(V) (xy) = min{z(xy),v(xy)}
= min{u(yx),v(yx)} [, v are fuzzy normal subKS — semigroups]so,

=(uNv)(yx) . VxyeX.
(1 Nv)(x*y) = min{u(x* y),v(x* y)}
= min{u(y *x),v(y* xX)Hu, v are fuzzy normal subKS — semigroups]
= (uNv)(y*x) v X,y € X \{0}.
Therefore xNv is a fuzzy normal subKS-semigroup .
Proposition (4.5)
Let xand v be fuzzy normal subKS-semigroup of X such that zcvorvc u. Then uUv

be a fuzzy normal subKS-semigroup .
Proof:
Suppose that gzand v be fuzzy normal subKS-semigroups,
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then gand v are fuzzy sub KS-semigroups then
uUv be afuzzy subKS-semigroups [proposition 2.21]. Now,
(1 Uv)(xy) = max{ zu(xy), v(xy)} = max{ z(yx),v(yx)} [by hypothesis ]

=(uUv)(yx) VxyeX.
SO,

(Uv)(x*y) = max{ u(x*y),v(x*y)} = max{ u(y*x),v(y*x)} [by hypothesis ]
=(wUv)(y*x)  VvxyeX\{0}
Hence 1 Uv is a fuzzy normal subKS-semigroup .
Proposition (4.6)
Let A and u be fuzzy normal subKS-semigroups of X then Ax u is a fuzzy normal subKS-

semigroup of XxX.
Proof:
Let A and u Dbe a fuzzy normal subKS-semigroups of X and let

(Xl’XZ)’ (yl,yz)eXxX where X1:X5,¥1:Y o eX > x:(xl,xz) , y:(yl,yz)
then 4 and u be a fuzzy subKS-semigroups of X so Axu is a fuzzy subKS-semigroup
[proposition 2.24].

(A 1)) = (A% )((Xq X ) (Y12 Y o N=(AX 4)(Xq Yq X5 Y 5 ) =Mmin{A(Xy ¥ 1) (X5 Y 5 )}
= min{/l(ylxl),y(y2 X5 )} [A, i are fuzzy normal subKS — semigroups]
=(AX (Y. Y 9) (xq X)) =(Ax )(¥x)

and so,

let (xl,xz), (yl,yz)eXxX where X11X91¥1:Y0 e X \{0}such that

x:(xl,xz) : y:(yl,yz)eXxX

(Ax )% Y) = (A% (% X )X (Y1 oY p D)= (X )Xy %Y1 X0 Y o )=ming A0y *y ) () *Y 5 )}
= min{/l(y1 *xl),y(y2 ”‘x2 )} [A, 1 are fuzzy normal subKS —semigroups ]
= (Axa)((Yq Y 9)* (xg X)) = (Ax)(y*).

Therefore A x u is a fuzzy normal subKS-semigroup .

Proposition (4.7)

Let uxA be a fuzzy normal subKS-semigroup of X.Then either A or u is a fuzzy normal

subKS-semigroup of X .
Proof:
Let 1x A be a fuzzy normal subKS-semigroup of X .Then ux A be a fuzzy subKS-semigroup of X

then by [theorem 2.28] ,either 4 or u is a fuzzy subKS-semigroup of X if 4 be a fuzzy subKS-
semigroup of X so by [theorem 2.28] we have A(x) < u(0) to prove A is a normal let
X1:Xo e X .Then

Axy %) = mingu(0), A(xy X5 }= (x )0 Xy Xp) = (x 2)(0 %) (0. X))
= (3 A)((0,%) (0% )= (ux 2)(0, Xy Xy )= Min{uu(0), A(xp Xy )= A(Xp )
Now , let Xq1%5 e X {0}
205 * Xg) = min€u(0), A(xg * Xp)}= (1% A0, % *X9) = (% 2)(0, 1) * (0, X))
= (ux 2)((0,%9) * (0,%1)) = (1% A)(0, Xgxq ) = Min{ 1(0), A(xp * Xq) }= A(XpXq)
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Hence A is a fuzzy normal subKS-semigroup .In a similer way if gzx A is a fuzzy normal subKS-
semigroup and x is a fuzzy subKS-semigroup .We can prove that x is a fuzzy normal subKS-
semigroup .
Proposition (4.8)

Let A be a subKS-semigroup and let x defined by

t1 if xeA

u(x) = . , Where t, <t, . Then u is afuzzy normal sub KS-semigroup .
t, if xeA

Proof:

Let A be a subKS-semigroup and let 4 defined by

t if xeA
y(x)—{[2 i xeA , Where t1 <t2
In first we prove p is a fuzzy subKS-semigroup of X ,let x,y € X. Then

1) If x,yeA then xye A— u(xy)=1t1 =min{u(x), u(y)}

2) If x,ye A then xye A— u(xy) =ty >min{u(x), u(y)

3 If xe A,y A then u(x) =t7, u(y) =t and (xy) ¢ A so u(xy) =t, 2 min{ u(x), u(y)}
:min{tl,t2 }:t1

4) If x¢g A,y e Athen u(x) =t, 1Y) =ty and (xy) ¢ A so u(xy) =ty 2 min{ u(x), u(y)}
= min{t2 ,tl}zt1

so  p(xy) = min{u(x), u(y)} by a similar way z(x*y) =min{u(x), u(y)} VxyeX\{0}.
Therefore , u is a fuzzy subKS-semigroup .Now,

1) if x,y e A since A is subKS — semigrroup= xy € A, yx € A ,then u(xy) =t = u(yx).
2)if x,y ¢ Asince Ais subKS —semigrroup= xy ¢ A, yx ¢ A ,then u(xy) =t, = 1(yX).
J)if xe A,yg A then xyg¢ A,yxg A . Thus ,u(xy):tz = u(yx).
4)if xgA,yeA then xyg A,yxg A .Thus y(xy)zt2 = u(yx).

so u(xy)=uwu(yx) forall x,yeX . Also,
D If x,yeA [since A is subKS —semigrroup= x*y e A,y*x e A]

then p(x*y) =t =u(y*x).
2)If x,yeA [since A is SubKS —semigrroup= x*y ¢ A,y*x ¢ A]

then p(x*y) =t 5 = u(y*X).

3lfxeA,ygA then x*yg A y*xg¢ A .Thus y(x*y)=t2 = u(y*x).

4)If xgA,ye A then x*yegA,y*xe A .Thus ,u(x*y):t2 = u(y*x).

so u(x*y)=u(y*x) for all x,y e X\{0}.Hence u is a fuzzy normal subKS-semigroup .
Proposition (4.9)

Let v be a fuzzy subKS-semigroup of X and p,, strongest fuzzy relation on X. Then v is a
fuzzy normal subKS-semigroup if and only if p,, is a fuzzy normal subKS-semigroup of XxX .

Proof:
Let v be a fuzzy normal subKS-semigroup of X ,x= (xl X ) and y= (y1 Yo ) e XxX. Now
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clearly p,, isa fuzzy subKS-semigroup by [proposition 2.27] . Now,
Pv(Y) =Py (XY Xy Y o) =min{v(X,y1).v(X5Y5)}
=min{v(y,Xx,).v(y,X5)}  [visa fuzzynormal subKS —semigroup]
=Py (Y1 XY X5)
=pv((Yq:Y9) (X1 X5)) = py (¥X)
and, let x,ye X\{0}
Py (X*Y) = py (X ¥y, Xo ¥y o) =min{v(xy *yq),v(X, *y 5 )}
=min{v(y, *x;).v(y, *x, )} [visa fuzzynormal subK —semigroup]
=Py (Y1 X Yo "X ) =py (Y. ¥2)* (X X5)) =Py (Y*X)
Hence v is a fuzzy normal subKS-semigroup .Conversely , assume that p,, is a fuzzy normal
SubKS semigroup of Xx X then forany x=(x,,x,) and y=(y,,y,)eXxX. We know that

v is a fuzzy subKS-semigroup. To prove that v is a fuzzy normal subKS-semigroup there are two
cases :

1 If v(xlyl)ﬁv(xzyz) where x:(xl,xz) , y:(yl,yz)eXxX. Then
v(xlyl)zmin{v(xlyl),v(xz y2)}:Pv(Xy):Pv(yX):Pv (Y1:Y0) (X X)) |= oy (Y XY 9 Xs)
= minly(y )y 5 %)=y, %)

since if v(x1 yl) :v(y2x2) ,we have
v(x1y1)<v(x2y2) and v(y2x2)<v(y1x1)
SO V(le1)<min{V(X2 yz)aV(ylxl)}:pv((Xz y2)’(ylxl))

then V(le]_)<pv((xzyl)-(nyl)):pv((y2xl)-(X2yl)):Pv(yZXZvxlyl)
:min{V(yzxz),V(lel)}:V(lel)
where (xzyl),(yle)eXxX since X1 X9: Y1 Y0 eX
SO v(x1y1)<v(xlyl) . This contraduction
we get V(lel):"(ylxl) V(xl,xz),(yl,yz)eXxX.
2) If v(x2y2)3v(x1yl)
In a similar way we get v(x2y2):v(y2x2) V(xl,xz),(yl,yz)eXxX
Now , let x=(x1,x2) , y:(yl,yz)eXxX suchthatxl,xz,yl,y2 e X \{0} there are two
cases :
1) If v(xl*yl)év(x2 *y2) then
V(xg *Yq) = minf(xg *y ), *Y,)]= oy (CFY) = oy (Y*)
= v [(yq ¥ 9)* (xg X ) = minfu(yg #x )y, *xp)]=v(yg *xp).
SO v(xl*yl):v(yl*xl) VXl,xz,yl,y2 e X \{0}
2) If v(x2 *y2) Sv(xl*yl) In similar way we get v(x2 *y2):v(y2 *x2) .
Hence v is afuzzy normal subKS-semigroup .
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Remark(4.10)
If u isafuzzy set such that for all x e X , x(x) =1 then u is a normal fuzzy subKS-semigroup
and p is a fuzzy normal subKS-semigroup .
proof: it is clear
Proposition (4.11)
Let f:X — Y beahomomorphism if x is a fuzzy normal subKS-semigroup of Y . Then u

is a fuzzy normal subKS-semigroup of X ..
Proof:
Let « be afuzzy normal subKS-semigroup of Y .Then

yf is a fuzzy subKS-semigroup [by Proposition (3.7)].Now, let X,y € X ,s0

f

1 (y) = u(F () = u(f(x)- £(y)) [f isahomomorphism]
=u(f(y)- f(x)) [since uis fuzzy normal subKS — semigroup]

= u(F(yx) = " (yx)
and let x,y € X/{0}, so

ut (xy) = u(F(x*y) = u(f()*F(y)) [f is ahomomorphism]
=u(f(y)*f(x)) [since uis fuzzy normal subKS — semigroup]
= u(f(y*x) =" (y*x).

Hence yf is a fuzzy normal subKS-semigroup .

Proposition (4.12)

Let f:X —>Y bean epimorphism if u
is a fuzzy normal subKS-semigroup of Y .

f is a fuzzy normal subKS-semigroup of X . Then u

Proof:

Let ,uf be a fuzzy normal subKS-semigroup of X so u is a fuzzy subKS-semigroup [by
Proposition (3.8)]
let x,yeY 3 abeX such that f(a)=x, f(b)=y [fisanepimorphism]

p(xy) = u(f (@) f (b)) = u(f (ab)) = u ' (ab)= T (ba) [since u " is a fuzzynormal subks — semigroup]
= u(f(ba))= pu(f(b)- f(a))=u(yx).

and let X,yeYH0},so 3 a,beX such that f(a)=x, f(b)=y, S0
a,b=0 since f(0)=0 inasimilar way we can prove p(x*y) = u(y*x).
Hence u is a fuzzy normal subKS-semigroup .
Proposition (4.13)

Let x be a non constant fuzzy normal subKS-semigroup of X such that x is a fuzzy KS-ideal of
X then

1(0) if x=0

a {t if X #

Proof:
Let x be a non constant fuzzy normal subKS-semigroup of X,

and let x,y € X/{0}, since u is a fuzzy KS-ideal ,so

O} ,where  te]0, u(0))
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p(x) > min{u(x*y), u(y)} =min{u(y *x), u(y)} [since uis a fuzzy normal subKS — semigroup]
but  u(y*x)=u(y) Hence  u(x)= u(y),
but  z(x) > u(y) = min{u(y *x), u(x)} [by definition of KS —ideal]
=min{u(x*y), u(x)} = p(x)
since p(x*y)>pu(x) implies p(y)=p(x) . for all x,yeX suchthat x,y=#0
that is mean x is a constant for each x,y =0
since u(0)> u(x) for all xe X ,and w isanon constant, so

OB x=0
= {t i ‘= 0} where t [0, x(0)) .

Proposition (4.14)
Let u be a fuzzy normal subKS-semigroup of X .Then the fuzzy set ,u+ defined by

,u+ (X) = p£(X) +1— 1(0) is a fuzzy normal subKS-semigroup .
Proof:it is clear
Proposition (4.15)
Let I be a non-empty subset of X . Then | is a subKS-semigroup if only if  y| is a fuzzy
normal subKS-semigroup, where
1 if xel

A= {o it xel }
Proof:

Let I is a subKS-semigroup of X.Then

x| is a fuzzy subKS-semigroup [by Proposition ( 3.18)]
Now, X,y € X then there are several cases :

) If x,yel then xyel and yxel then yx|(xy)=yx|(yx)=1.
2) If x,yel then xyel and yxel then x| (xy)=x(yx)=0.
3 If xel,yel then xy,yxel then x| (xy)=x(yx)=0.
4) If xel,yel then xy,yxe 1l then x| (xy)=yx](yx)=0.

thus ) (xy) =x1 (¥X).

In a similar way we can prove x| (X*y) = x1(y*x) V xye X\{0}.

Hence y| isafuzzy normal subKS-semigroup .

Conversely,

let ¥ isa fuzzy normal subKS-semigroup we can prove | is a subKS-semigroup of X in a similar
way of Proposition (3.18) .

Proposition (4.16)

Llet X be a KS-semigroup and abeX\{0} suchthat a®’=a, b?=b and
ax=a,bx=b V xe X\{0} . Then u(a) = u(b) where u isa fuzzy normal subKS-semigroup .
Proof:

Let x be a fuzzy normal subKS-semigroup of X and

Let a,beX\{0} suchthat a®=a, b*=b .Then

u@) =pu(ax) [a=ax Vxe X\{0}] let x=D

u(a) = u(ab) = u(ba) [w is a normal fuzzy subKS — semigroup]
so wu(a) = u(b) [since bx=b V xe X\{0}].
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5 . Fuzzy Normal SubKS- Semigroup of Fuzzy SubKS- Semigroup

In this section , we give the definition of fuzzy normal subKS-semigroup of fuzzy subKS-
semigroup of X and give some of properties ,like union , intersection , Cartesian product ,image
and other properties of fuzzy subKS-semigroup of fuzzy subKS-semigroup .
Definition (5.1)

Let X be a KS-semigroups, ¢ and v are fuzzy subKS-semigroups of X such that xcv then

4 is called fuzzy normal subKS-semigroup of fuzzy subKS-semigroup v if:
@ w(y*x) = min{z(x*y),v(y)}
(2) p(yx) = min{u(xy),v(y)} , v x,yeX.
Example (5.2)

Let X = {0, 1, 2,3 } be a KS-semigroup with binary operation "*" and "." defined by the
following tables:

*

wl N k| ol -

o| ol olo|o
R o k|l o]k
N N ool N
w| N R o w

w| N k| O] O
N N O Of
= O P O DN
o O | O W

0
1
2
3

Define two fuzzy sets 2 , v : X —[0]] , by
v(0)=08 ,v®) =04 ,v(2)=0.2 ,v(3)=0.1 and
£#(0)=05 , (1) =04 , u(2)=0.2 , x(3)=0.1 then by usual calculations we can prove that x
is a fuzzy normal subKS- semigroup of v.
Proposition (5.3)
Let X be a KS-semigroup and let «# and A be fuzzy normal subKS-semigroup of fuzzy subKS-
semigroups v . Then (A is a fuzzy normal sub KS-semigroup of v .

Proof:
Let # and A are fuzzy normal subKS-semigroup of fuzzy subKS-semigroup v .

then A isafuzzy subKS-semigroup [proposition 2.20].

Now , let x,y € X , since p(y*x) = min{u(x*y),v(y)}, A(y*x)=min{A(x*vy),v(y)}and
w(yx) = min{z(xy), v(y)} . A(yx) = min{A(xy), v(y)} Therefore

D (N A)(yx) = min{(yx), A(yx)} = min{min{ z.(xy),v(y)}, min{A(xy),v(y)}}

= min{min{z(xy), 1(xy)}, min{v(y),v(y)}= min{(« N 2)(xy),v(y)}
and,

2) (©NA)(y*x) = min{(y*x), A(y *x)} = min{min{ (x* y),v(y)}, min{A(x* y),v(y)}}
= min{min{z(x*y), A(x* y)}, min{v (y),v(y)}= min{(x N A)(x* y),v(y)}
Hence u(1A isafuzzy normal subKS-semigroup of v .
Proposition (5.4)
Let X be a KS-semigroups and let x and A are fuzzy normal subKS-semigroup of fuzzy
subKS-semigroup v then xU A is a fuzzy normal subKS-semigroup of v if uc A1 or A < u.

Proof:
Let 4 and A are fuzzy normal subKS-semigroup of fuzzy subKS-semigroup v . uUA is a fuzzy

subKS-semigroup so by [proposition 2.21] . Now, let x,y e X .Then

42



Journal of Kerbala University , Vol. 13 No.3 Scientific . 2015

D) (U2)(yx) = max{ u(yx), A(yx)} > max{min{ z:(xy),v(y)}, min{(xy),v(y)}}
= min{max{ z(xy), A(xy)} max{v(y),v(y)}[since u c Aor 1 < 4]
= min{(x U 2)(xy),v(y)}

and so ,
2) (uU2A)(y*x) = max{ u(y *x), A(y * X)}
> max{min{ «(x*y),v(y)}, min{A(x*y),v(y)}}
= min{max{ x(x*y), A(x* y)}, max{v(y),v(y) u < Aor 1 < ]

= min{ (U A)(x*y),v(y)}
Hence xU A is a fuzzy normal subKS-semigroup of v .
Proposition (5.5)
Let A, v be fuzzy subKS-semigroup in X and p,, strongest fuzzy relation on X if A is a fuzzy

normal subKS-semigroup of v . Then pp isa fuzzy normal subKS-semigroup of p,, .

Proof:
Let A be a fuzzy normal subKS-semigroup of v so A is a fuzzy subKS-semigroup of X so by

[proposition 2.27] pp is a fuzzy subKS-semigroup of X and p,, is a fuzzy subKS-semigroup of X
Now, to prove pa be a fuzzy normal subKS-semigroup of p,, .

D oa(y)=palyxq, Y, %2 ) =min{A(y 1 X1 ), Ay 5 X5 )}
> min{min{A(x1 Yq ), v(y1 )}, min{ A(x 2Yo ), v(y 5 )}}HAIis a fuzzy normal of v]
= min{min{A(X, y; ). A(X 5 ¥ o Jhmin{u(y ), v(y 5 )}}=min{p A (X Y1 . X5 ¥ 5 ). oy (1)}
=min{p A (xy), py (¥)}

2) paA(Y*x) = pA(yl *Xl ) *Xz )= min{A(yl *Xl)’ A(y?2 *X2 )}
> min{min{A(x1 *yl),v(yl)},min{A(x2 *y2 ),v(y2 )}}HAIs afuzzy normal of v]
=min{min{ A(x; *y; ), A(X5 *y o Jhmindv(y,).v(y )3}
=min{ pA(X; *Y1. X5 * Y5 ) oy (Y)F=min{pa(X*Y), pv (¥)}-
Hence pp isa fuzzy normal subKS-semigroup of p,, .

Proposition (5.6)
If u« and A are fuzzy normal subKS-semigroup of fuzzy subKS-semigroup v then uxA4 isa

fuzzy normal subKS-semigroup of vxv .
Proof:
Let # and A are fuzzy normal subKS-semigroup of v .

let (x;.X5).(y),Yo)eXxX suchthat x=(x;.X,), y:(yl,yz)

so v, u, A are fuzzy subKS-semigroup of X , then by [proposition 2.24] vxv is a fuzzy subKS-
semigroup , so by [proposition 2.24] then ux A is a fuzzy subKS-semigroup of XxX . Now, to
prove ux A isa fuzzy normal subKS-semigroup of vxv

(x 2)(yX) = (x (Y1 Y ) (Kq X)) = (ux ANV X1 1Y 9 X5 ) = Min{au(y 1 X1 ), Ay 9 X )}
> min{min{(x1 y; ). v(y )} min{A(x ¥ 5 ). (Y » )3}
= min{min{z(x; y; ), A(X 5 ¥ 5 Yhmin{v(y ) v(y , )3}
=min{(x 2) (X1, X5 )Y 1. ¥ 9 DV x V(Y .Y o b= min{(ux A)(xy), v xv(y)}
and so,
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(x )Y *X) = (ux (Y1 Y ) * (X1 X)) = (X A)(Yq *Xg.Y 5 *Xy)
= min{u(y; *x ), A0y 5 *Xo )} = mindmin{u(xg *y;)v(y Jhmin{A(x, *y,).v(y )3}
= min{min{ﬂ(xl * yl)vﬂ(xz * Yo )+ min{V(yl)aV(yz )}
= min{(zx A)((X1. X5 )*(y1 Y, )),VXV(y1 Y )} =min{(ux2)(x*y),v xv(y)}
Hence ux A is a fuzzy normal subKS-semigroup of vxv .
Proposition (5.7)
Let f:X —Y be a homomorphism if g is a fuzzy normal subKS-semigroup of a fuzzy

f f

SsubKS-semigroup v . Then 4" is a fuzzy normal subKS-semigroup of v

Proof:
Let u isafuzzy normal subKS-semigroup of v . Then

1t 00 = u(f ) <v(F) =vT (0 [since ucv] and

where by Proposition (3.8) v f is a fuzzy subKS-semigroup .
f

f is a fuzzy subKS-semigroup

Now, to prove g ' is a fuzzy normal subKS-semigroup of v’ Since

wt () = (F (90)= (£ () £ ()= min{aa( £ (0 £ () v(F (1)}

= min{u(f y))v T ()= mingu T o) T (1)}
SO,

w1t (3 = (%) = (F(y)* £(0) = minu(f (0* £ (y).v(f (y)}

= min{u(f 0y T )= mingu " ey Ty}

Hence u fisa fuzzy normal subKS-semigroup of v .

Proposition (5.8)

f f

Let f:X — Y epimorphism if &' isa fuzzy normal subKS-semigroup of v . Then x isa

fuzzy normal subKS-semigroup of v .

Proof:

f

Let ,uf is a fuzzy normal subKS-semigroup of v' then since f is an epimorphism if

xeY dae Xsuchthat f(a)=x

()= u(f@) =u (@ <vi@=v(f@)=v(¥) so u(Xx)cv(x) YxeY and u is a fuzzy
subKS-semigroup  [by Proposition (3.8)]
Now, let x,yeY Fabe X suchthat f(a)=x , f(b)=y.Then

p(y) = (£ (0) (@) = wu(f (ba)) = o (b2) > min{e " (ab).v T (0
= min{x(f (ab)),v(f (b))} = min{x(f (a) f (b)), v(y)} = min{x(xy),v(y)}
and so,
p(y*¥) = u(f(0)* £ (@) = u(f (0*a) = (o*a)=min{ue" (@*b).v " (0)}
= min{x(f (@*b)),v(f (0))}=min{u(f (a)* f (0)),v(y)}=min{u(x*y),v(y)}.
Hence u is a fuzzy normal subKS-semigroup of v.
Proposition (5.9)
Let u be a fuzzy normal subKS-semigroup of v and x isanormal fuzzy subKS-semigroup of
X.Then u=v.
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Proof:

let x4 Dbe a fuzzy normal subKS-semigroup of v , SO ucv since
w(y*x) > min{u(x*y),v(y)} since u is a normal fuzzy subKS-semigroup of X so u(0)=1
Now, if x=0 we  have (y) = min{u(0),v(y)}=min{Lv(y)}=v(y) . But

uy)<v(y), vyeX so wu(y)=v(y), VyeX
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