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Abstract

The main purpose of this paper is to find the general form of Artin's characters table of the
group
Q2m ¥Cs when m is an even number where Q. is the quaternion group of order 4mand Cs is the
cyclic group of order3 we prove that this table depends on Artin's characters table of a
quaternion group Q,m of order 4m when m is an even number. which is denoted by Ar(Q2mxCs ).
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Introduction

Representation theory is a branch of the Mathematics that studies abstract algebraic structures
by representing their elements as linear transformations of vector spaces and studies modules over
these abstract algebraic structures .So that representation theory is a power full tool because it
reduces problems in abstract algebra to problems in a linear algebra which is a very well
understood theory .

For a finite group G, let R (G) denotes the abelian group generated by Z - valued characters
of G under operation of pointwise addition. Inside this group there is a subgroup generated by
Artin characters ( The characters induced form the principal characters of cyclic subgroups of

G), which will be denoted by T(G).The factor group R (G) IT (G) is called the Artin Cokernel
of G denoted by AC(G).

A well known theorem dues to Artin asserted that T(G) has a finite index in R (G) i.e, [ R
(G):T(G)] is finite so AC(G) is a finite abelian group.
The exponent of AC(G) is called Artin exponent of G and denoted by A(G), In 1967 T.Y. lam [9]
gave the definition of AC(G). In 1996 K.K Nwabuez [5] studied A(G) of p-groups. In 2009
S.J.Mahmood [8] found the general from of Artin's characters table Ar(Q.n ) when m is an even
number.
The aim of this paper is to find the general from of the Artin's characters table of the group
Q.m* C3 when m is an even number .
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1.Preliminaries

In this section we introduce some important definitions and basic concepts about the induced
character,

the Artin's characters tables, the Artin's characters table of c e the Artin's characters table of the

Quaternion group Q2m when m is an even number and the group QamXCs.

Definition (1.1): [7]

Two elements of G are said to be I'- conjugate if the cyclic subgroups they generate are
conjugate in G, this defines an equivalence relation on G. It is classes are called I'- classes.
Example (1.2):

Consider a cyclic group C3=< x > such that:
1lis I'- conjugate 1
Then the I'- class [1] = {1}
<xX>=<x*>
Then xand x* are I'- conjugate , and [x] = { x, x*}
So that there are two TI'- classes of C3 :[1] and [X]
In general for C o where p is any prime number,there are s+1 distinct

s—1

I~ classes which are [1], [x], [x* 1, ....[x P 1.
Definition (1.3):[3]

Let H be a subgroup of G and let ¢ be a class function on H, the induced class function on G,
IS given by :

|H|Z¢ (hgh™)
heG
where ¢ " is defined by:

o |e(x) if xeH
v (X)_{ 0 if xgH

9'(9) =

Proposition (1.4) :[6]
Let H be a subgroup of G and ¢ be a character of H, then ¢’ is a character of G.
Definition (1.5):[4]
The character ¢’ of G is called induced character on G.
Theorem (1.6):[2]
Let H be a cyclic subgroupof Gand h, h,, ..., h,, are chosen representative for
m-conjugate classes, then :

1- _] G(g)|z (h) if h,eHACL(g)
ST

2- ¢'(g)=0 if HACL(@) =¢.
Definition (1.7):[3]

Let G be a finite group, all characters of G induced from a principal character of cyclic
subgroups of G are called Artin’s characters of G.
Example (1.8):

To find the Artin's character of C,,

there are two cyclic subgroups of C,, which are {1} and C, = <x > and let ¢ be principal

character, then:
by using theorem (1.6)
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Cs(9)| & .
@)= [, (g)|z p(h) if heHNCL(Q)

0 if HANCL(g)=¢
if H={1}andG=C,

since H N CL (1) = {1}, then
, 3
P 0= p(1)=31=3

since HNCL (X) =¢, then
¢ (x)=0
since HNCL (x?)=¢, then
@' 1 (x*)=0
ifH=C,
since H N CL (1) = {1}, then
, 3
9, (1)= 3 p(1)=1
since. HNCL (x) ={x}, then
3 3
LX) = = p(X)==.1=1
9", (¥) 3 ¢ (X) 3
since HNCL (x?) ={x?}, then
3 3
"L (X?)= S (x?)=2.1=1
@', (X7) 3 @ (x%) 3
then we get the two Artin's characters ¢’ ;and ¢’ , .
Proposition (1.9):[2]
The number of all distinct Artin's characters on a group G is equal to the number of
I'-classes on G. furthermore, Artin's characters are constant on each I'-classes.
Definition (1.10):[1]

Artin’s characters of finite group G can be displayed in a table called Artin’s characters table
of G which is denoted by Ar (G).

The first row is the T'- conjugate classes, the second row is the number of elements in
each conjugate classes, the third row is the size of the centralize |CG (CLa)| and the rest row
contain the values of Artin’s characters.

Example (1.11):
In the Artin’s character table of C, there are two I'- classes, [1], [x] then, from proposition

(1.10) they obtain two distinct Artin's characters
And From example (1.8) we obtain the values of Artin’s characters, then the table of it as
follows:

T- classes [1] [X]
CL,| 1 1
Ar(C,) = |Cc3 (CL, )| 3 3
¢
% 1 1
Table (1)
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Theorem (1.12):[1]
The general form of Artin’s character table of C ps when p is a prime number and n is an
integer number is given by:

I-classes [1] [ p 11 [x p*? 11 [x p*° ]| - [x P ] [x]
|C|_a| 1 1 1 1 .1 1
AI‘(C s ): S S S S S P
P \Cps (CL) | P p P p p s
@, pst |pst |0
(Dé ) s—2 ) s—2 ) s—2
@! P P P P .. |P 0
¢é+l 1 1 1 1
Table (2)

Example (1.13):
Consider the cyclic group Cg
To find the Artin’s character table we use theorem (1.12) as follows:
The group Cg= C ; then:

[-classes | [1] X% ] X2 ] [x]
CL,| 1 1 1 1
\Cza (CL,) 2° 2° 2° 2°

Ar(Cy)= . 2 0 0 0
o, 2° 2° 0 0
. 2 2 2 0
o, 1 1 1 1

Table (3)
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Theorem (1.14): [8]

The Artin’s characters table of the quaternion group Q.m when m is an even number is given as
follows :

I'- classes I'- classes of Con,
[1 | [x"] vl [xy]

ICL,| 1 1 2 2 2 m m

Co, €L | 4m | 4m 2m  2m o 2m |4 4
AI’ (Q2m ) = CD 1 O 0

D, 2A r(CZm) 0 0

D, 0 0

D, m m 0 0 0 |2

CD 1+2 m m 0

Table(4)

where | is the number of I'- classes of Comand @ ; ;1 < j<I+2 are the Artin characters of the
Quaternion group Qazm.

Example (1.15):
To construct Ar(Qg) by using theorem (1.14) we get the following table :

[-classes | [1] |[x*] | [x?] | [X] vl | [xyl
|CLa| 1 1 2 2
‘Cng cL) |16 |16 |8 8 4 4
O, 2 |0 0 0 0 0
D, 2° |2 0 0 0 0
Ar =Ar BE

(Q8) (Q 2 ) (D3 22 22 22 O 0 0
D, 2 |2 2 2 0 0
D, 22 |22 o 0 2 |0
D, 22 |22 |0 0 0o (2

Table (5)
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The Group Q,nXC;(1.17)

The direct product group (Q2mXCs ) where Qan is Quaternion group of order 4m with two
generators x and y is denoted by
Qam ={X*y:x®™ = y*=1, yxMy t=x ™ 0<k=2m-1,j=0,1}
and Cj is a cyclic group of order 3 consisting of elements {1,z,z°} .The direct product group QamX
Cs is denoted by
Q2m*Cs ={(q,¢):9EQ2m,c EC3 } and |Q2m*C3|=|Q2m|.|C3|=4m.3=12

2. The main results

In this section we find the general form of Artin's characters table of the group Qam xCs when
m is an even number
Proposition (2.1):
The general form of the Artin's characters table of the group Q.m*xCs when m is an even number is
given as follows:

Ar(QomxCs)=

I
classes

cL,|

[Capurc, (CL)|

Table (6)
Where Ar(Q2m) is Artin's characters table of the group Qzam.
Proof :

Let g € (Qan*Cs) ;9=(a,1) or g=(q,2)or g=(q,2°), d €Qzm ,1,2,2° € Cy
Case (I):
If H is a cyclic subgroup of Qum X {1},then:
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1L.H=((x,1)) 2. H=((y, D)) 3. H=((xy, 1))
And @ the principal character of H, ®; Artin characters of Qunwhere 1< j <1+ 2 then by using
Theorem (1.6)

Cqs ()| &
v, =], ()|Z o(h) if heHACL(Q)
if HACL(g)=4¢

1. H=((x, 1))

Q) If g=(1,1) and geH
\Cqucg(g)\.(o(g) _ lam . 34m :3\CQ2m @)
C. (9)] Cu (1D ICa (1Y ‘C @

(x) |
H NCL(L,D)={(1,1)}
(i) if g=(x",1)and geH

D, (@1) = (1) =3.0,(1) since

‘Cozmxc3(g)‘_(0(g): 12m _ 3.4m 3‘ Qom (x" ‘
C. (9)) Ca@ Ca@ o, x|

since H NCL(9)={g}.¢(9)=1
(iii)  ifg=(x',1),i=mand i # 2mand geH

q)(j,l)(g) =

p(9) =30, (x")

Coec, (9) L 6m )
®;5(9) = C.(9) (p(9) +9(97)) = € (g )|(1 1) =
3.2m 3Cq,n (a) B
NG RRE C. @) (p(@)+ (g ™) =30, (q)

since HNCL(g )={g.g"} and ©(9)=¢(9 *)=1,9=(q1),9€ Qam and g#X™ g|
(iv) ifg¢H

®;,(9)=3.0=3.D,(q) Since HNCL(g)= ¢
2. H=((y, D)) ={(L.1).(y.).(y’.1).(y*.}
(i)  Ifg=(L]) HNCL(1,D={(1,I)}
. ‘CQmecs (g)‘ 12m

D,1,(9) = |CH (g)| '(/7(9)—Tl 3m=3.9,,@1)
(i)  If g=(x",1)=(y?1) and ge H

.10 (0) = Cowe @) o(g) = 12—”‘ 1=3m=3.D,,(x")

(1I+1,1) |CH (g)| 1+1

Since HNCL(g)={g} ,<3p(g)=1
(i) g=(y,l) or g=(y°,1) and geH
< (9) 1
D,5(9) = ‘{é (3 ) ‘ (p(9)+9(97)) = —-(1+1)=3-2=3-<D.+1(y)

since HNCL(g )={g.g"} and @(g)=(g *)=1
Otherwise
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®.1,(9)=0 since HNCL(g)=9
3- H=((xy, 1)) ={(L,1),(xy.1),((xy)>.1),((xy)>.)}
Q) If g=(1,1) HNCL(1,D)={(1,I)}

‘CQmecs (g)‘ 12m
(D(I+2,1)(g) = |CH (g)| -0(9) = T.lz 3m=3.d,,(1)

(i) If g= (x™, 1)=((xy)’,)=(y? 1) and ge H

[Copc,(9) Clom ., . .
q)(|+2,1)(g) = |CH (g)| -9(9) = T-l— 3m=3.,,(x")

Since HNCL(g)=1{g} ,9(g)=1

(i) If g=(xy,I) or g=((xy)* 1) =(xy? 1) and geH

Co,c, (0)
panf@)- e o0+ ota” 20+ =32-30,,,0)

since HNCL(g )={g.g"} and @(g)=@(g )=1
Otherwise
D,,,(9)=0 since HNCL(g)=0
Case (I1):
If H is a cyclic subgroup of (QomXx {z}),then:
LH=((x,2)=((x2%))  2HX(@2) = ((v,2")) 3 HX(w2) = ((v,2%))
And @ the principal character of H, @; Artin characters of Q. where 1< j <1+ 2then by using

Theorem (1.6)
|CG(g)| x .

®,0={c, (@&"™ T heHoc@

0 if HANCL(g)=¢

LH=((x, 2))=((x,2%))
(i) If g=(1,1) or g=(1,z)or g=(1,z%) and geH

Cq,..c, (9)] 12m 3.4m 3C,,, @)
P S = 1= A=t
C @ 1) 79 Ca@D ey, @n| 3c,m)

since H NCL(g)={(1.,1),(1.2),(1,2%}
(i) If g=(1,1) or g=(x™,1) or g=(x™,z) or g=(1,2)or g=(x",z* ) or g=(1,z%) and geH
(@) if g=(1,1) or g=(1,2) or g=(1,z%) and geH.
Caq,..c, (9))
. (0) ?(9)
12m 3.4m 3C,,, @)
= A= A= .
Ca@” @ 3C,0)
(b)If g=(x™,1) or g=(x™,z) or g=(x",z°) and geH
C 3C m
‘ szxca(g)‘ o(q) = lom ,_ 34m ‘ o,m (X )‘.
Cy (9)] Ch(9)  [Ch(O) 3‘C<X>(xm)‘
since H NCL(9)={g}.¢(09)=1

D ;5 (9) = 1) =D, (1)

(D(j,Z)(g):

@) = @; (1) since H NCL(9)={g}.¢(9)=1

D ,(9) = p(x") =@, (x")

8
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(i) IFg={(x', 1), (X', 2),(x', 2*} ,i#m,i#2m and gEH

‘CQmeC3 (g)‘ 6m

D, (9) = : )= 1+1
3.2m 3C o, (a) .

(A+1 = . =0
C. () 1+1) 3C... @ (2(9) +9(97)) =P;(a)

since HNCL(g )={g,g"} and @©(g)=@(g *)=1,0=(0,2)=(q,2°),4€ Qom and q# X" ,q#£1
(iv)  ifgeH

®;2(9)=0 Since HNCL(g)= ¢
2. H=((¥,2)) ={@LD.0.0. 0200 D(L2.(.2).022).07.2), (12D.(0.2). 2.2, (2.2}
(i)  Ifg=(1,1) or g=(1,2)or g=(1,2* )and geH HNCL(g)={(1,1),(1,2),(1,22)}
Co,.c, (9)
Poa2(0) = Co..c. ) -9(9) = 112_2m-1= m=®,,(0)

Cy (9))

(i) If g=(x™,1)=(y21) or g= (y*z) or g=(y*,z%) and ge H
[Copc,(9) 12m .
(D(I+1,2)(g)_ |CH (g)| (0(9) ZE.lzm:d)m(x )

Since HNCL(g)={g} ,(9)=1
(i) g=(y.hor g= (y.z)or g=(y,z") or g=(y",lz)or g= (y*.2) or g= (y’.z") and geH
Cq,.c, (9)
@ 1 — m 3
(1+1, )(g) |CH (g)|

since HNCL(g )={g.g"} and @(g)=@(g )=1
Otherwise
D,,,(9)=0 since HNCL(g)=0

3.H=((xy, 2)) ={(1,1),(xy, 1), (xy)2. D=/ D, (xy)% ) =(xy* 1), (1,2), (xy,2),
(xy)%2),(xy)%2), (1,2%),(xy,2%),((xy)2.22).((xy)*,2)}

(@) + (0 )) =%.<1+1) —2=,,(y)

(i) If g=(1,1) or g=(1,2) or g=(1,2%) HNCL(g)={g}
‘CQZ xC (g)‘ 12m
D, (0) = . == 1=m=®,,@1
(1+2, )(g) |CH (g)| @(g) 12 m | ( )
(ii) If g= (X", 1)=((xy)>.1)=(y*.))or g=((xy)*,2)=(y*,z)or g=((xy)*,z°)=(y*.z*) and g€ H
‘CQZmXC3 (g)‘ 12m m
q)(l+2,2)(g)_ |CH (g)| @(g) _E-l—m—®|+2(x )

Since HNCL(g)={g} ,¢(9)=1
(iii) 1 g=(xy,I) or g= ((xy)°.l) or g= (xy.z) or g= ((xy)*,z) or g= (xy,z%) or
9= ((xy)®,z)and geH

Conc, (9)
C. (9)]

since HNCL(g )={g,g"} and @(g)=p(g *)=1
Otherwise

© 12 (0) = (@) +p(g ™)) = %.(ul) —2=,,(xy)
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D .,»(9)=0 since HNCL(g)=0

Example (2.2):
To construct Ar(QsxCs) by using the theorem (2.1) we get the following table:
Ar(Q,°xCs)=

[-classes | W0 | x* gy [ k2 g | Bl | 00| Dol | 00D | e ) | 2 | 2 | v | Do
ICL,| 1] 1 2 | 2] 4] 41 1 2 [ 2] 4] 4
‘Cstxcs (CL.) 48 | 48 24 | 24 | 12 | 12 | 48 | 48 24 | 24 | 12 | 12
Dy 48 | 0 o oo o0 ]O0]| O o [of[o] 0
D, 24 | 24 0 0 0 0 0 0 0 00 0
Dy 2] 12 120|000 0 o [of[o0o] 0
D, 6 6 6 6 0 0 0 0 0 0|0 0
D1y 12 | 12 0 0 6 0 0 0 0 00 0
Doy 2] 12 oo o6 0] 0 o [of[o0o] 0
D 16 0 0 0 0 0 | 16 0 0 00 0
Dy 8 | 8 o lof[o] o8] 8 o [of[o] o0
D s, 4 4 4 0 0 0 4 4 4 00 0
D, 2 2 2 2 0 0 2 2 2 2 10 0
D, 41 4 JofJo|2]o0 4] 4 o [of[27]o0
D 4 4 0 0 0 2 4 4 0 0|0 2
Table (7)
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