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Abstract:  

          The aim of this paper is to continue the study of locally Lindelöf spaces,Co- Lindelöf  

topologies and locally spacesLC  . We also study their relationships to 4,3,2,1 ispacesLi

.  

 المستخلص

وايضا  LC  locallyفضاءات و Lindelöf -Co تبولوجياتو   Lindelöflocally فضاءات  تهدف هذه الورقة دراسة

الفضاءات  علاقة هذه الفضاءات مع  درسنا علاقة iLi 4,3,2.1.  

 KEYWORDS: spaceLC  , spaceP  , Lindelöf, locally Lindelöf spaces, Co- Lindelöf  

topologies, locally spacesLC  . 

1.   Introduction:  

          Dontchev, Ganster and Kanibir  2 introduced the class of locally Lindelöf  and weakly 

locally Lindelöf by definitions, a topological space  TX ,   is called  locally Lindelöf (resp. weakly 

locally Lindelöf)  if each point of X  has a closed Lindelöf (resp. Lindelöf) neighborhood. 

       In 1984, Gauld, Mrsevic, Reilly and Vamanamurthy  8  introduced the Co- Lindelöf topology 

of a given space  TX , .They showed that       TXinLindelofisGXTGTl ,:    is 

a topology on X with   TTl  , called the Co- Lindelöf topology of  TX , . 
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         Ganster, Kanibir and Reilly  6  introduced the class of locally spacesLC   .By definition, a 

topological space  TX ,   is called a Locally spaceLC   if each point of X  has a neighborhood 

which is an subspaceLC  . In  6 , the authors proved that a space  TX ,  is an spaceLC   if each 

point of X  has a closed neighborhood that is an subspaceLC  .Thus every regular locally 

spaceLC  is an spaceLC  ,a result first proved by Hdeib and Pareek in  10 . 

           A set F  in a topological space is called closedF   if it is the union of at most countably 

many closed sets. A set G  is called a openG   if it is the intersection of at most countably 

many open sets  4 .  

           In this paper, we consider and study of locally Lindelöf spaces, Co- Lindelöf topologies and 

locally spacesLC  .Furthermore, basic properties, preservation theorems and relationships of 

locally Lindelöf spaces, Co- Lindelöf topologies and locally spacesLC  , are investigated. 

Moreover, to obtain several characterization and properties of locally Lindelöf spaces, Co- Lindelöf 

topologies and locally spacesLC   . 

      Our terminology is standard. The closure of a subset A  of a space   TX ,  is denoted by clA

.The set of all positive integer is denoted by . 

2.   locally Lindelöf and weakly locally Lindelöf : 

Definition2.1 [2]:  A topological space  TX ,   is called locally Lindelöf (resp. weakly locally 

Lindelöf)  if each point of X  has a closed Lindelöf (resp. Lindelöf) neighborhood. It follows 

immediately from the definition that every locally Lindelöf space is a weakly locally Lindelöf. 

          Note that a weakly locally Lindelöf space need not be a locally Lindelöf space. 

Definition2.2:      A topological space  TX ,  is an spaceLC   if every Lindelöf subset of X  is 

closed  7 ,  13 .Notice that spaceLC  is also known under the name closedL   9 ,  11 and  14 . 

Definition2.3[12]:   A  topological space  TX , is called spaceP   if every openG    

set in X  is open . 

Definition2.4 [2]:       A topological space  TX ,  is called 

(1) an spaceL 1   if every Lindelöf   closedF    is closed, 

(2) an spaceL 2 if clL is Lindelöf   whenever XL  is Lindelöf, 

(3) an spaceL 3 s if every Lindelöf   subset L  is an closedF  , 

(4) an spaceL 4 if  whenever XL  is Lindelöf, then there is a Lindelöf 

    closedF  F  with clLFL  .             
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Theorem2.5 [2]: 

(i) If  TX ,  is an spaceLC  , then   TX ,  is a ,spaceLi   i=1,2,3,4. 

(ii) If  TX , is an spaceL 1  and an spaceL 3 , then  TX ,  is an spaceLC  . 

(iii) ) Every space which is spaceL 1  and spaceL 4  is an spaceL 2 . 

(iv) Every spaceL 2   
is an

 
spaceL 4  and every spaceL 3 is an spaceL 4 . 

(v) Every 
spaceL 3  is 1T . 

(vi) Every Lindelöf space is an spaceL 2 ,and every spaceL 2  
having a dense Lindelöf 

      Subset is Lindelöf. 

(vii)  Every P  space is an spaceL 1 .           

Definition2.6  [2]:    A topological space  TX ,   is called a setQ space if each subset of X   

is an  closedF   sets. 

Theorem2.7 [12]:  Every Huasdorff spaceP is an spaceLC  . 

Corollary2.8:   Every Tychonoff  spaceP  is an spaceLC  . 

 Proof.  Obvious. 

Proposition2.9 [2]:  Every weakly locally Lindelöf 
spaceL 2  is locally Lindelöf,and so 

Every weakly locally Lindelöf space which is 41andLL  is locally Lindelöf. 

Theorem2.10 [2]:  

 Every  locally Lindelöf space  TX ,  is an spaceL 1   if and only if it is a spaceP . 

Corollary2.11 [2]: Every Huasdorff , locally Lindelöf spaceL 1  is an spaceLC  . 

Corollary2.12 [2]: Every weakly locally Lindelöf
 

spaceLC   TX ,  is a spaceP . 

Corollary 2.13: For a Lindelöf space X  the following are equivalent: 

(a) X   is locally Lindelöf. 

(b) X   is a weakly locally Lindelöf. 

Proof. This is obvious by definition 2.1. 

Corollary 2.14: For an spaceL 2 X  the following are equivalent: 
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(a) X   is locally Lindelöf.      

(b) X   is a weakly locally Lindelöf  . 

Proof. (a)  (b): This is obvious by definition 2.1. 

           (b)  (a):  This is obvious by proposition 2.9. 

Corollary 2.15: For a spaceLC  X  the following are equivalent: 

(a) X   is locally Lindelöf   . 

(b) X   is a weakly locally Lindelöf . 

Proof. (a)  (b): This is obvious by definition 2.1. 

           (b)  (a) :   This is obvious by theorem 2.5(i)and proposition 2.9. 

Theorem 2.16: For a Hausdorff locally Lindelöf space X  the following are equivalent: 

        (a) X is an   spaceLC    . 

        (b) X is an  spaceL 1 . 

        (c) X is a spaceP  . 

Proof. (a)  (b): This is obvious by theorem 2.5(i). 

           (b)  (a): Let X  be  an  spaceL 1 , since X  is a Hausdorff locally Lindelof  space,  

           then X is an  spaceLC    by corollary 2.11. 

         (b)  (c) : This is obvious by theorem 2.10. 

         (c)  (b) : This is obvious by theorem 2.10. 

Theorem2.17:  For Hausdorff weakly locally Lindelöf space X the following are equivalent: 

(a) X   is an  spaceLC  . 

(b) X   is a spaceP  . 

Proof. (a)  (b):This is obvious by corollary  2.12. 

            (b)  (a):This is obvious by theorem 2.7. 

Theorem2.18: Every P   setQ  space X   is an   spaceLC    . 

Proof. lf  L  is a Lindelöf subset in X  ,which is a setQ  space, then L  is  an closedF   set, but 

X  is a spaceP  , so L is  a closed set , hence X  is  an   spaceLC    .  
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Theorem2.19:  For a weakly locally Lindelöf setQ   space X  the following are equivalent: 

(a) X   is an  spaceLC  . 

(b) X   is a spaceP  . 

Proof. (a)  (b): This is obvious by corollary  2.12. 

            (b)  (a): This is obvious by theorem 2.18. 

Theorem2.20:  For a locally Lindelöf setQ   space X  the following are equivalent: 

(a) X   is an  spaceLC  . 

(b) X   is a spaceP  . 

(c) X  is an spaceL 1 . 

Proof. (a)  (b): This is obvious by theorem  2.5(i)and theorem2.10. 

            (b)  (a): This is obvious by theorem 2.18. 

            (b)  (c): This is obvious by theorem 2.10. 

            (c)  (b): This is obvious by theorem 2.10. 

Corollary2.21: For a weakly locally Lindelöf spaceL 2 X the following are equivalent: 

(a) X is an  spaceL 1 . 

(b) X is a spaceP  . 

Proof. This is obvious by proposition 2.9 and theorem 2.10. 

Theorem 2.22: For a locally Lindelöf spaceL 3 X the following are equivalent: 

(a) X   is an spaceLC  . 

(b) X   is an spaceL 1 . 

(c) X   is a spaceP  . 

Proof. (a)  (b): This is obvious by theorem 2.5(i). 

            (b)  (a): This is obvious by theorem 2.5(ii). 

            (b)  (c): This is obvious by theorem 2.10. 

            (c)  (b): This is obvious by theorem 2.10. 



6 
 

Corollary2.23: 

(i) Every weakly locally Lindelöf spaceLC   is locally Lindelof. 

(ii) Every spaceLC   having a dense Lindelöf Subset is locally Lindelof. 

Proof. Obvious. 

Corollary2.24: For a regular  locally Lindelöf spaceL 1 X the following are equivalent: 

(a) X   is an spaceLC  . 

(b) X   is   
1T . 

Proof. (a)  (b):  Obvious. 

             (b)  (a): Let X  be  a spaceT 1 ,since X  is a regular, then X   is a Hausdorff  .        

            Since X  is a locally Lindelöf spaceL 1 , then X is an  spaceLC   by corollary  2.11. 

Definition2.25[5]:   A topological space  TX , is a spaceR 1  if yandx  have  disjoint 

neighborhoods whenever     yclxcl   .Clearly a space  is Hausdorff  if and only if its 

11 RandT .                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        

Corollary2.26: For 
1R   locally Lindelöf spaceL 1 X the following are equivalent: 

(a) X   is an spaceLC  . 

(b) X is   
1T . 

Proof. (a)  (b):  Obvious. 

             (b)  (a): Let X be a spaceT 1
,since X isa

1R ,then X is a Hausdorff  by definition2.25.        

           Since X  is a  locally Lindelöf spaceL 1 ,then X is  an  spaceLC    by corollary  2.11. 

 Theorem2.27:   

For a Tychonoff weakly locally Lindelöf space X  the following are equivalent: 

(a) X   is  an  spaceLC  . 

(b) X   is  a P  space. 

Proof. (a)  (b):This is obvious by corollary 2.12. 

            (b)  (a):This is obvious by corollary 2.8. 
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Theorem2.28:  For spaceP  X  the following are equivalent: 

(a) X  is an   spaceLC    . 

(b) X  is an  spaceL 3 . 

Proof. (a)  (b): This is obvious by theorem 2.5(i). 

    (b)
 
  (a): Let  L  be a  Lindelöf subset of  X  ,then L  is closedF   set (since  

   X is  an 
 

spaceL 3 ),so L  is  closed set( since X  is a spaceP  ) ,hence X  is  

    an   spaceLC    . 

Theorem2.29:  For a weakly locally Lindelöf 
spaceL 3 X  the following are equivalent: 

(a) X   is an  spaceLC  . 

(b) X   is a spaceP  . 

Proof. (a)  (b): This is obvious by corollary  2.12. 

            (b)  (a):This is obvious by theorem 2.28. 

Corollary2.30: Every weakly locally Lindelöf P spaceL 3  is locally Lindelöf. 

Proof. Obvious. 

Theorem2.31:  For a  Hausdorff locally Lindelöf space X the following are equivalent: 

(a) X   is an  spaceLC  . 

(b) X   is a spaceP    and an spaceL 2 . 

Proof. (a)  (b): Let X  be   an spaceLC  , then X   is an spaceL 2  and an spaceL 1      

             . Since X  is a locally Lindelöf, then X is a  spaceP     by theorem 2.10. 

            (b)  (a):Let L  be a Lindelöf subset of  TX ,  and let Lx .Since  TX ,  is  

           Hausdorff, for each Ly  there exist an open set yV containing y  with yclVx . 

          Clearly  LyVy : is a cover of L and so there exists a countable set LC    

           such that 
Cy

y

Cy

y clVVL


 .For each yclVLCy , is Lindelöf and  

         so  
yclVLcl   is Lindelöf since  TX , is an spaceL 2 . 
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         Furthermore, if   
Cy

yclVLclW


 thenW  is a Lindelöf closedF  set and, since  TX ,    

         is a spaceP  ,W  is a closed Lindelöf set not containing x .Thus clLx .This shows that L     

         is closed in  TX , . 

Theorem2.32: Every setQ  spaceL 1 is an spaceL 2 . 

Proof.  Let L  be a Lindelöf subset of X , then L is an closedF   set (since X  is a  

              setQ  space),so L is  closed set(since X is an spaceL 1 ),then clLL  andclL is  

                    a Lindelöf. Hence X  is   an spaceL 2 .      

Theorem2.33:  For a locally Lindelöf setQ   space X  the following are equivalent: 

(a) X   is an  spaceL 1 . 

(b) X   is a spaceP  and an spaceL 2 . 

Proof. (a)  (b): Let X  be  an spaceL 1 ,since X  is a setQ  space, then X   is        

            an spaceL 2  by theorem 2.32. Since X  is a locally Lindelöf spaceL 1 , then X is a  

               spaceP    by theorem 2.10. 

            (b)  (a): This is obvious by theorem 2.5(vii). 

Definition2.34 [2]:    A topological space  TX ,   is called aweak spaceP   if any countable 

union of regular closed sets is closed. One can show easily that  TX , is aweak spaceP   if and 

only if for every countable family  nU n : of open sets, 
 










n

n

n

n clUUcl .  

Corollary2.35: Every spaceP   TX ,  is a weak spaceP  . 

Proof. Let F  be a countable union of regular closed sets in spaceP   TX , , then F   is an 

     is an closedF  set, so F  is a closed set(since X  is a spaceP   ),hence X  is a weak   

     spaceP  . 

Corollary2.36:  

(i)  Every locally Lindelöf spaceLC   TX ,  is weak spaceP  . 
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(ii) Every weakly locally Lindelöf spaceLC   TX ,  is weak spaceP  . 

(iii) Every Lindelöf spaceLC   TX ,  is weak spaceP  . 

Proof. Obvious. 

Corollary2.36: For a Hausdorff locally Lindelöf space X the following are equivalent: 

(a) X   is an  spaceLC  . 

(b) X   is a spaceP  and an spaceL 2 . 

(c) X   is an spaceL 1 . 

Proof. This is obvious by theorem 2.16 and theorem 2.33. 

Theorem2.37: Every locally Lindelöf weak spaceP    TX , is spaceL 4 . 

Proof. Let L  be a Lindelöf subset of  TX , .Each point of L has an open neighborhood xU  such that

xclU  is Lindelöf. Pick accountable subset C  of L such that 
Cx

xUL


 .Since  TX , is aweak

spaceP   we have 
Cx

x WclUclL


 .SinceW  is Lindelöf we conclude that clL  is Lindelöf and 

closed ,so clL  is Lindelöf closedF   set ,hence  TX ,  is an spaceL 4 . 

3.   Co- Lindelöf Topologies: 

Theorem3.1 [2]: For a space  TX ,  the following are equivalent: 

(a)  TX ,       is an  spaceL 1 . 

(b)   TlX ,   is a spaceP  . 

Corollary3.2:  If  TX , is Lindelöf space then   TTl  . 

Proof: Obvious. 

Corollary3.3:  If  TX , is an spaceLC  then   TlX ,  is a spaceP  . 

Proof: This is obvious by theorem 2.5(i) and theorem 3.1. 

Theorem3.4: For a spaceL 3  TX , the following are equivalent: 

(a)  TX ,       is an  spaceLC  . 

(b)   TlX ,   is  a spaceP  . 

Proof. (a)  (b): This is obvious by corollary 3.3. 



11 
 

            (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an  spaceL 1 by theorem 3.1.  

            Since  TX ,  is an  spaceL 3 , then  TX , is an  spaceLC    by theorem 2.5(ii). 

Theorem3.5 [1]:  Every setQ space is an  spaceL 3 . 

Corollary3.6: Every setQ
 spaceL 1  is an spaceLC  . 

Proof.  Let X  be setQ space, then X  is an  spaceL 3  by theorem3.5,since X  

           is an spaceL 1 ,then X   is  an spaceLC   by theorem2.5(ii). 

Theorem3.7: For a setQ   space  TX , the following are equivalent: 

(a)  TX ,      is an  spaceLC  . 

(b)   TlX ,   is a spaceP  . 

Proof. (a)  (b): This is obvious by corollary 3.3. 

                 (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an spaceL 1 by theorem 3.1.   

                Since  TX ,  is a setQ   space, then  TX , is an spaceLC    by corollary 3.6.  

    Theorem3.8: For a locally Lindelöf space  TX , the following are equivalent: 

(a)  TX ,     is a  spaceP  . 

(b)   TlX , is a spaceP  . 

Proof. (a)  (b): Let  TX ,  be a spaceP  .Since  TX ,  is a locally Lindelof space,then 

          TX , is an spaceL 1   by theorem 2.10,hence   TlX ,  is a spaceP    by theorem 3.1. 

         (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an spaceL 1 by theorem 3.1. 

         Since  TX ,  is a locally Lindelöf space, then  TX , is an  spaceP    by theorem 2.10. 

Definition3.9 [1]:  A topological space  TX ,  is said to be anti – Lindelöf if each Lindelof  

subset of  X  is countable.   

Theorem3.10 [2]:  Every 
1T  anti- Lindelöf space is an spaceL 3

 .Hence every  
1T , anti- 

Lindelöf spaceL 1
    is  an   spaceLC    . 

Theorem3.11: For a 1T  anti- Lindelöf space  TX , the following are equivalent: 
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(a)  TX ,      is an  spaceLC  . 

(b)   TlX ,  is a spaceP  . 

Proof. (a)  (b): This is obvious by corollary 3.3. 

                  (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an  spaceL 1 by theorem  

                  3.1. Since  TX ,  is 1T  anti- Lindelöf space, then  TX , is an  spaceLC    by  

                    theorem 3.10. 

Theorem3.12 [2]:  For a Hausdorff space X the following are equivalent: 

(a)   X is an   spaceLC    . 

(b) X is an spaceL 1 and an spaceL 2 . 

Theorem3.13: For a Hausdorff 
spaceL 2  TX , the following are equivalent: 

(a)  TX ,    is an  spaceLC  . 

(b)   TlX , is a spaceP  . 

Proof. (a)  (b): This is obvious by corollary 3.3. 

          (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an  spaceL 1 by theorem 3.1.  

      Since  TX ,  is a Hausdorff 
spaceL 2 , then  TX , is an  spaceLC    by  theorem 3.12. 

Theorem3.14 [4]:   Acountable union of Lindelöf subset is Lindelöf. 

Theorem3.15:  Every Lindelöf spaceL 1  is a spaceP  . 

Proof. For each n , let nA  be closed in Lindelöf spaceL 1  X  and 



n

nAA ,then nA is 

a Lindelöf subset in X  and thus A  is a Lindelöf subset in X  by theorem3.14. Since X  is an 

spaceL 1 , then A  is closed in X ,hence X  is a spaceP  . 

Theorem3.16: For a Hausdorff Lindelöf space X  the following are equivalent: 

(a) X   is an   spaceLC    . 

(b) X   is an  spaceL 1 . 

Proof. (a)  (b): This is obvious by theorem 2.5(i). 

           (b)  (a): Let X  be  an  spaceL 1 , since X  is a Lindelöf space ,then X is 
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          a spaceP   by theorem 3.15.Since X is a Hausdorff space, then X is  

           an  spaceLC   by theorem 2.7. 

Theorem3.17: For a Hausdorff Lindelöf space  TX , the following are equivalent: 

(a)  TX ,      is an  spaceLC  . 

(b)   TlX ,   is a spaceP  . 

Proof: (a)  (b): This is obvious by corollary 3.3. 

            (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an  spaceL 1 by theorem 3.1.  

          Since  TX ,  is a Hausdorff Lindelöf space, then  TX , is an spaceLC   by theorem3.16. 

Theorem3.18: For a Hausdorff locally Lindelöf space  TX , the following are equivalent: 

(a)  TX ,     is an  spaceLC  . 

(b)   TlX , is a spaceP  . 

Proof: (a)  (b): This is obvious by corollary 3.3. 

            (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an  spaceL 1 theorem 3.1.  

            Since  TX ,  is a Hausdorff locally Lindelöf space, then  TX , is an  spaceLC    by  

            corollary 2.11. 

Corollary3.19:  If  TX , is an spaceL 1 then   TlX ,  is an  spaceL 1 . 

Proof. Let  TX ,  be   an spaceL 1 , then   TlX , is a spaceP    by theorem3.1.Hence 

              TlX ,   is an spaceL 1   by theorem 2.5(vii). 

Definition3.20[7]:    A topological space  TX ,  is spacecid   if every countable subset of X is 

closed and discrete.   

 Remark3.21[7]:      Every spaceLC   is spacecid   . 

 Theorem3.22:  For anti – Lindelöf space X  the following are equivalent: 

(a) X   is an   spaceLC    . 

(b) X   is    spacecid  . 

Proof. (a)  (b): This is obvious by remark 3.21. 
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           (b)
 
  (a):  Let  L  be a Lindelöf subset of  X , then L   is countable ( since X  

           is anti – Lindelöf), so L is a closed set(since X  is spacecid  ) , hence X is an spaceLC  .  

Corollary3.23:  If  TX , is a anti- Lindelöf spacecid 
 
then   TlX ,  is a spaceP  . 

Proof: Let  TX ,  be a anti- Lindelöf spacecid  , then  TX , is an spaceLC   by  

          theorem 3.22.Hence   TlX ,   is a spaceP    by  corollary 3.3. 

Theorem3.24 [2]:     Every 11 LT space is cid. 

Theorem3.25: For a 1T  anti- Lindelöf space  TX , the following are equivalent: 

(a)  TX ,      is  spacecid  . 

(b)   TlX ,  is a spaceP  . 

Proof. (a)  (b): Let  TX ,  be spacecid  .Since  TX ,  is a  anti-Lindelof space, 

            Then  TX , is an spaceL 1   by theorem 3.22and theorem 2.5(i), hence   TlX ,  is  

            a spaceP    by theorem 3.1. 

           (b)  (a): Let   TlX ,  be  a spaceP  ,then  TX , is an spaceL 1 by theorem3.1.   

           Since  TX ,  is 1T  space, then  TX ,  is     spacecid    by theorem 3.24. 

Theorem3.26: If   TlX , is a Lindelöf spaceLC 
  
then  TX ,  is an  spaceL 1 . 

Proof. For each n , let nA  be closed and Lindelöf in   TX ,  and let 



n

nAA . Since 

  TlX ,  is a Lindelöf spaceLC  , then each nA is closed and Lindelöf in    TlX ,  and so A  is  

also closed and Lindelöf  in   TlX ,  by theorem3.14. .Hence A  is closed in  TX , and so  TX ,  

is an spaceL 1 . 

4. Locally LC- spaces: 

Definition4.1 [6]:      A topological space  TX ,   is called a Locally spaceLC   if each point 

of X  has a neighborhood which is an subspaceLC  . 

Clearly every spaceLC   is locally spaceLC   .In general the converse needs not be true  5 , 

however every regular locally spaceLC   is spaceLC   .     
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Definition4.2[6]:      A topological space  TX ,   is called  an spaceLC   if each point of X  

has a closed neighborhood that is an subspaceLC  . 

 
Theorem4.3[3]: Every locally spaceLC   is 1T . 

Theorem4.4:  For a regular  spaceP X  the following are equivalent: 

(a) X  is an  spaceLC    . 

(b) X  is a  locally spaceLC    . 

(c) X  is an  spaceT 1   . 

Proof. (a)  (b): This is obvious by definition4.1. 

            (b)
 
  (a): This is obvious by definition4.1. 

                (b)
 
  (c):This is obvious by theorem 4.3. 

                (c)
 
  (b):Let X be  a

 
spaceT 1 ,since X  is a regular  ,then X   is   a Hausdorff. 

             Since X  is a spaceP , then X  is an spaceLC   by theorem 2.7, hence X  

             is a locally spaceLC   by definition4.1. 

Corollary4.5:  For a Finite topological space X  the following are equivalent: 

(a) X   is an  spaceLC  . 

(b) X   is a locally spaceLC  . 

Proof. Obvious . 

Theorem4.6:  For a 1R   spaceP X  the following are equivalent: 

(a) X  is an spaceLC    . 

(b) X  is a  locally spaceLC    . 

(c) X  is  spaceT 1
. 

(d) X  is  a Hausdorff space . 

Proof. (a)  (b):  This is obvious by definition4.1. 

            (b)
 
  (a): This is obvious by theorem 4.3, definition2.25and definition4.1. 

            (b)  (c):  This is obvious by theorem 4.3. 
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            (c)
 
  (b): Let X be  a

 
spaceT 1 ,since X  is a 1R   ,then X   is   a Hausdorff by 

            definition 2.25.Since X  is a spaceP , then X  is an spaceLC   by theorem 2.7,  

            hence X  is a locally spaceLC   by definition4.1. 

           (c)
 
  (d):This is obvious by definition2.25. 

           (d)
 
  (c):Obvious . 

Theorem4.7:  For a regular 1L   spaceL 2 X  the following are equivalent: 

 (a) X is a  locally spaceLC    . 

  (b) X is spaceT 1 . 

Proof. (a)  (b): This is obvious by theorem 4.3. 

            (b)
 
  (a): Let X be  a

 
spaceT 1 ,since X  is a regular 1L   spaceL 2   , then X  

             is an spaceLC   by theorem 3.12,  hence X  is a locally spaceLC   by definition4.1. 

Theorem4.8:  For a regular locally Lindelöf spaceL 1 X  the following are equivalent: 

(a) X  is a  locally spaceLC    . 

(b) X  is spaceT 1 . 

Proof. (a)  (b): This is obvious by theorem 4.3. 

              (b)
 
  (a) : Let X be  a

 
spaceT 1 ,since X  is a regular locally Lindelöf spaceL 1  ,  

   then X is an spaceLC   by corollary 2.11,hence X is a locally spaceLC   by definition4.1. 

Theorem4.9 [3]: Every locally compact Hausdorff space is
3T . 

Theorem4.10:  For a locally compact  spaceR 1 X  the following are equivalent: 

(a) X  is an   spaceLC    . 

(b) X  is a  locally spaceLC    . 

Proof. (a)  (b): This is obvious by definition4.1. 

            (b)
 
  (a) : Let X be  a

 
locally spaceLC  ,then X  is a spaceT 1  by theorem 4.3. 

            Since X  is a spaceR 1   , then X   is   a Hausdorff by definition2.25. Since X  is 
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           a locally compact, so X  is a regular by theorem 4.9 , hence X is an spaceLC   by 

          definition 4.1. 

Proposition4.11 [3]: For a space X  the following are equivalent: 

(a) X  is a  locally spaceLC    . 

(b) Every point of X  has an open neighborhood, which is an subspaceLC   of X .  

Theorem4.12: Every
nd2  countable  11C , a

 
locally spaceLC   is discrete. 

Proof. Let  TX ,  be
nd2  countable and a

 
locally spaceLC   . We may assume that every point

Xx  has an open neighborhoodU  that is both hereditarily Lindelöf and an spaceLC  (since X  

is a
nd2  countable and by Proposition 4.11).But this means thatU  is an open discrete subspace of

 TX , .Hence  TX ,  is discrete.   

 Theorem4.13: If  TX ,  a regular space has an open cover by locally subspacesLC  , 

     then X is an spaceLC  . 

Proof. Let 
Ii

iGX


  be an open cover of X  where each iG  is a locally spaceLC  ,and let Xx

.Choose Ij  such that jGx .If JU  is an open and closed neighborhood(since X  is a regular)of

x  in jG  such that JU is an spaceLC   of jG ,then JU  is also  open and closed in  TX , . By 

definition4.2,  TX ,   is an spaceLC  . 

 Theorem4.14: If  TX ,  a regular space has an open cover by subspacesLC  , 

     then X  is an spaceLC  . 

Proof. Let 
Ii

iGX


  be an open cover of X  where each iG  is spaceLC  ,and let Xx .Choose

Ij  such that jGx .If JU  is a closed neighborhood(since X  is a regular)of x  in jG  such that 

JU is an spaceLC   of jG ,then JU  is also  closed in  TX , . By definition4.2,  TX ,   is an 

spaceLC  .            

   We have the following diagrams:  
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