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Abstract
The main aim of this paper is to find the formulas of fuzzy fractional derivatives of order
0 < B <2 and the formulas of fuzzy Laplace transforms for fuzzy fractional derivatives of order

1< f <2 using Riemann-Liouville derivative and H-differentiability.
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1. Introduction

Fractional calculus theory is a mathematical analysis tool applied to the study of integrals and
derivatives of arbitrary order which unifies and generalizes the notions of integer of-order
differentiation of n -fold integration [1-3].

There are many works in subject of fractional calculus, recently, Salahshour et al. [4] deal with
the solution of fuzzy fractional differential equations under Riemann-Liouville H-differentiability
by fuzzy Laplace transforms. Ahmad et al. [5] deal with fuzzy power series which is a
generalization to the classical power series. Allahviranloo et al. [6] give the explicit solutions of
uncertain fractional differential equations under Riemann-Liouville and H-differentiability. This
paper is organized as follows: Section 2 contains basic concepts. In section 3, we find the formulas
of fuzzy Riemann-Liouville fractional derivatives of order 0< <2 and fuzzy Laplace transforms

for fuzzy fractional Riemann-Liouville derivatives of order 1< < 2. Also, an example is solved.
Finally conclusions are drawn in section 4.
2.Basic Concepts
Definition 2.1 [1] The Gamma function I'(x ) is defined by the integral

_ © e x-1
F(x)_.[oe t*“dt, x >0.
Definition 2.2 [7] A fuzzy number u in parametric form is a pair (u,0) of function u(r) and
u‘(r) , 0 <r <1which satisfy the following requirements :
1. u(r) is bounded non — decreasing left continuous function in (0,1], and right continuous at 0,
2. 0 (r) is bounded non — increasing left continuous function in (0,1], and right continuous at 0,
3. u(r)y<a(r).
Definition 2.3 [7] Let x,y €E . If there exists z e E such that x =y +z , then z is called H-
difference of x and vy, and itis denoted by x ©y .

We note that x Oy #x +(-1)y and E be the set of all fuzzy numbers on R
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Definition 2.4 [8] Let f (x) be continuous fuzzy-valued function. Suppose that f (x )e*SX is

improper fuzzy Rimann-integrable on [0,oo), then Iowf (x )e™dx is called fuzzy Laplace
transforms and is denoted as:

L[f (x )]:I:f (x)e™dx (s>0 and integer).

We have:

jo f (x )e™dx :UO f (x;r)e dx ,jo f (x ;r)esxdx}

also by using the definition of classical Laplace transform:

o[t ()] = (ar)e™dx and [f (x;r)]= [ f (x;r)e~dx,

then we follow:

L[f (x )]:[ﬂ[f_(x;r)],ﬁ[f_(x r)ﬂ

Definition 2.5 [5] A real function f (x ),x >0 is said to be in the space C , z € R if there exists a
real number p > zsuch that f (x )=xP"f (x), where f,(x) eC[0,20), and it is said to be in the
space C | if f (x)eC,,neN.

u?
Definition 2.6 [5] The Riemann-Liouville fractional integral operator of order « >0of function

f (x)eC,,u>-1is defined as :

3t (x)= ﬁf(x ~t)f (t)dt, x >t>s520,a>0,
f(x), a=0.

Definition 2.7 [5] The Riemann-Liouville fractional derivative of order & >00f f eC",,neN is
defined as:

d ~J"f (x), n-l<a<n,
DA (x)=4 %

dnf(x), a=n

dx

Now, we denote C" [a,b] as the space of all continuous fuzzy-valued functions on [a,b]. Also we

denote L [a,b] as the space of all Lebesque integrable fuzzy-valued functions on the bounded
interval [a,b] < R. [4]

Definition 2.8 [4] Let f (x) €C" [a,b]NL"[ab].x,in(ab) and ¢(x) = F[l1 ﬂ]-[x(f (t)tc;t’”
— a X —

We say that f (x ) is fuzzy Riemann-Liouville H- differentiable about order 0< /<1 at x, , if

there exists an element ("D/ f ) (x,) €E , such that for h >0, sufficiently small

#(Xo+h) © ¢(x,) #(X,) © ¢(x,—h)

@ (BL 1)) = fip FETLE AR < g £ S
or
(“) (RLDi f )(XO) = h“_,rgl¢(XO) @_Ti](xo'Fh) - h"_)ra¢(xo_h)_f ¢(XO)
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(iii) (RLDaﬂJrf )( )_ hl_)o+¢(xo+h) h@ ¢(Xo) — h“_m,¢(xo_h)_f ¢(Xo)
) (DL T )(xo) = fim P0) @ A tN) _  #(X) © Flxo=N)

h—0+ —h h—0+ h

For the sake of simplicity , we say that the fuzzy-valued function f is " [(i)-p] -differentiable

if it is differentiable as in the definition 2.8 case (i), and f is " [(ii )—,8] -differentiable if it is

differentiable as in the definition 2.8 case (ii) and so on for the other cases.
Theorem 2.9[4] Let f (x)eC[a,b]NL"[ab], X, in (a,b) and 0<B <1. Then:

(i)  Letusconsider f is RL[ i )— B ] - differentiable fuzzy-valued function, then:

(D1 )(xo) = [("DLE)(xpir) , (DL ) (xgir) ] 0<r<1
(i) Let us consider f is [( —,B] - differentiable fuzzy -valued function, then:
("D f)(x,) = [("DLT) ) (*“DLE)(xpir)] 0<r<1
where
(RLDﬂ )( ) 1 J-f_ t r dt
L a ( Jx=x4
and

RL A 1 d Xf_(t;r)dt_
("D (xoir) = | T(1-p) dx !(x—t)ﬁ

—IX=Xq

Theorem 2.10 [4] [Derivative theorem ] suppose that f (x) €C " [0,00) "L [0,0). Then :
L[(™DZ f)(x)]=s"L[f (x)]e(*DL*f )(0),

if f s RL[ — 8] -differentiable, and

L("DL £)(x)|==("D/* f )@e(-s"L[f (x)])

if fis [ (i ) — 8] -differentiable, provided the mentioned Hukuhara difference exist.

3. Riemann-Liouville H-differentiability
In this section, we introduce definition of fuzzy Riemann-Liouville derivatives of order
0< f <2 under H-differentiability and find fuzzy Laplace transforms for fuzzy fractional

derivatives of order 1< f<2.

Definition 3.1 Let f (x)eC"[0,b]NL" [O,b],(/ﬁ(x):r(l_ﬂl_l ,B)J.X( f (t)z_?;w whered; (X,)
=B)7° (x —t

and ¢, (X, ) are the limits defined in a; and a, respectively. f (X )is the Riemann-Liouville type
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fuzzy fractional differentiable function of order 0< <2, =1 at X,€(0,b), if there exists an

element (RLDﬂf )(xo) eC " such that for all 0<r <1 and for h >0 sufficiently near zero either:

a. (RLDﬂf )(Xo):h"rgl ¢(Xo+h)h@ ¢(Xo) :h"rg1 ¢(X0) @h¢(xo—h) or
8- (RLDﬁf )(X ): lim ¢(XO) © ¢(X0+h) = lim ¢(X°_h) © ¢(Xo)
0 h—0* —h hos0* h

for 0< <1 and either:

¢1(Xo+h) @¢1(Xo) ¢1(X0) @¢1(X0—h)

by . ("D )(x,) = lim - = lim - or
b, (RLDﬁf )(X ): lim ¢1(X0) S ¢1(Xo+h) _ lim ¢1(X0—h) o ¢1(X0) or
' 0/ w0 —h h—0* —h
by (D71 )(xy) = lim 20N O 4 X0) _ iy 1(X) © 4 (Xoh)
07 oo h h—0* h
b4. (RLDﬁf )(X ): lim ¢2(X0) S ¢2(Xo+h): lim ¢2(Xo_h) S ¢2(Xo)
07 oot —h h—0* —h

forl<p<2.

If the fuzzy valued function f (X) is differentiable as in definition 3.1 cases (aj, b1, bg) it is the
Riemann-Liouville type differentiable in the first form and denoted by (RLDf f )(xo) ,
("“Dfif )(x,) and ("Dj, f)(x,) respectively. If the fuzzy valued function f (x) is
differentiable as in definition 3.1 cases (az, by, bs) it is the Riemann-Liouville type differentiable in
the second form and denoted by ("“DJ f )(x,),(™ D/, f )(x,)and (D7, f )(x,) respectively.
Theorem 32 Let f(x)eC"[0b]nL"[0b] be a fuzzy-valued function and
f (x)z[f_(x;r),f_(x;r)] for r €[0,1],0< g <2and X, €(0,b). Then:

a. If f (X) is Riemann-Liouville type fuzzy fractional differentiable function in the first form,
then for 0< <1

(RLDf f )(xo):[(RLDﬁ f_)(xo;r),(RLD/" f_)(xo;r)]
a. If f (x) is Riemann-Liouville type fuzzy fractional differentiable function in the second form,
then for 0< g <1
("DJ f )(xo)z[(RLDﬂ f)(xgir).(*D” f_)(xo;r)]
b;. If (RLfo )(x ) is Riemann-Liouville type fuzzy fractional differentiable function in the first
form, then for 1< <2
(RLDflf )(xo)z[(RLDﬁ f_)(xo;r),(RLDﬂ f_)(xo;r)]
b,. If (RLfo )(x) is Riemann-Liouville type fuzzy fractional differentiable function in the
second form, then for 1< <2
("D, f )(xo)z[(RLDﬂ f)(xgir).(*D” f_)(xo;r)]
bs . If (RLfo )(x) is Riemann-Liouville type fuzzy fractional differentiable function in the first
form, then for 1< <2
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(D2 )(x0)=[(“D” F)(x0:r).(“D” £ )(x5i1)]

bs. If (RLD,ff )(x) is Riemann-Liouville type fuzzy fractional differentiable function in the

second form, then for 1< 8<2

(DL, £ )(xo) =[ ("D’ )(xoir),(D” ) (xgir) |

where

RL A co\ 1 d 71 & f_(t;r)
("D f_)(xo,r){m(&] fomdt

[£] (1.
_ 1 d « f(t;r)
D) (xgir) = —(_j BLAULY R
( )( 0 ) L*("ﬂ}ﬂ) dx Io (X _t )Hﬁ%/ﬁ'
Proof We shall prove b; as follows: Since (RLfo )(x ).1< B<2 is the Riemann-Liouville type
fuzzy fractional differentiable function in the first form, then from by, of definition 3.1, we have:

(X 1O (o) = [ (Xo i) = (xoi). A (xo hir) = (xeir) )
¢1(Xo)9¢1(xo—h)=[ﬁ(xo;r)—@(xo—h;r),qz?l(xo;r)—;zl(xo—h;r)].
Multiplying both sides by % h >0, we get:

X=Xy

X =Xq

4 (%o +N)O (Xo) _[ (%o +Nir)=dh(Xoir) (Xo+hir) =i (Xeir)|
h i h h _’
¢1(X0)@¢1(X0—h) :_ﬁ(xo;r)_ﬁ(xo_h;r) é(xo;r)_ﬁ(xo_h;r)_
h i h ’ h _'
By taking h — 0" on both sides of the above relation, we get:
(“D’ 1 )(xo):{(;j—xgz_ﬁl(xo;r),%@(xo;r)} (3.)

Now, since ¢ (X,) is equal to the limits defined in a; of definition 3.1, then we have:
$(X,+h)O¢ (xo)z[g(xo+h;r)—z§(x0;r),¢7(xo+h;r)—¢7(x0;r)],
#(X0)OB(Xo—N)=[(XoiT) = (X —hir), B (Xgi1)=F (X, —hir)]

Multiplying both sides by % ,h >0, we obtain

#(xo+h)Od(x,) =_Q(x0+h;r)—zﬁ(x0;r) $(x0+h;r)—5(xo;r)}
h I h | h |
#(X,)04(x, —h) :_(;_S(xo;r)—g(xo—h;r) 5(Xo;r)_5(xo_h;r)}
h I h | h |

By taking h — 0" on both sides of the above relation ,we get:

#(x0)=| & (xoir). ' (x0i7) |
Then

d(Xr)=9'(xpr) , 6 (Xoir) =4 (Xoi1) (3.2)
Substituting (3.2) in (3.1) yields:
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(407 1)) g 1) 8 1)
:[(RLDﬁ f_)(xo;r),(RLDﬂ f_)(xo;r)].

The other proofs are similar .
Theorem 3.3 Suppose that f €C 7 [0,00)(L" [0,0) and, 1< <2 then:

1. If(RLDﬂf )( ) is " [(i )~ p]-differentiable fuzzy-valued function, then
(0 1) -+ (1] © 5(“0% 1 )0 (D1 )
(Wf )
(*Df, £ )(x)|=-s (D" 1 )(0)o(-s”)L[f (x)]-(*D"*f )(0)
)
(x)]=

2 is [u) ] -differentiable fuzzy-valued function, then
L

3.1 (RLDﬂf )(

L[

4.

is [ — p ]-differentiable fuzzy-valued function, then

(DA )(x)]=-s("D"7 )(@)e(-s”)Lf (x)]Jo(" D" )(0)

If (" fo )( ) is " [(ii ) — ] -differentiable fuzzy-valued function, then
L[(*DZ, £ )(x)|=s"L[f (x)] &s("D"*f)(0)~(™"D’*f )(0)

Proof To prove 3, let us consider (RL D/f )(x) is RL[ — j3 ] -differentiable, then by theorem 3.2
we get:

L[(™D4 1)) ]=L[ (D~ )(cir), (D7 T )(xir)]

:[ﬂ[(RLD” f_)(x;r)],é’[(RLDﬁ f_)(x;r)ﬂ (3.3)
We know that Laplace transform of Riemann-Liouville fractional derivative of order 1< g < 2is:
(" DR ) (xsr)=sPe[ £ (x;r) |- ("D )(0r)—s (D7) (O;r) (3.9)
(D) (xsr) =s”e[f (x;r) |- (D7) (0ir)—s (D7 )(0;r) (3.5)
Since 0< B-1<1, then we have:
(RL Dﬂ_lf_)(o; l’) :<RL D A )(0; I‘), (RL Dﬂ_]'f_)(o; I’) :(RL D A )(0; I’) . (3.6)

Using the equations (3.4)-(3.6), then equation (3.3) becomes:

L[(RLD'B f )(x )Jz[sﬁﬁ[f_(x;r)]—<RLD”’Lf )(O;r)—s(RLDﬂ’zf )(O r),s”e[f (x;r)]-

(W)(O;r)—s(mDﬁ‘zf_)(o;r)}
-s(*-D”7% )(0)o(~s”)L[f (x)]o(" D7 )(0).

The other proofs are similar .

Example 3.4 Consider the following FFIVP:

("D?y)(x)=2y (x) , 2&(0,0),1< <2 (3.7)
(DY) (0)="y" Y <E,

(RLDﬁ—Zy )(0) — RLyO(ﬂ—Z) cE.
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We note that:

(D7 )(0r) ="y (), (T (@) =" ().

(D7) (@) ="y, (1), (“D P2y ) (0r) = 7 (),

By taking fuzzy Laplace transform for both sides of equation (3.7) we get:
L[(RLDﬁy)(x)]zﬂL[y (x)]- (3.8)
Now, we have 2* =4 cases as follows:

Case 1 Let us consider ("D/y )(x ) be "“[i — ] -differentiable fuzzy-valued function, then
equation (3.8) can be written as follows:

Ly ()] © s(“D”*y)(O)e (M0 y)(0)=2L[y (x)]

Then, we get :

Sﬂg[X(X;r)]_S(RLDﬁ_Z 31)(();r)_(m|3ﬂ_1 Y)(O;I’)=M[x(x;r)],

s’e[y (ir)]-s ("D 37)(0?r)‘(RLDﬂ_l y )(O;r)ZM[V(x;r)J.

Therefore we have :

p) = Ruy (B2 () gt S 5 () pt| 2
Y (r) ="y (0 S [ e

_ S . 1
v (x;r v 0t + Ry ﬂ‘{ }
y(xir)="y¢"(r) Lﬂ_J Yo (N 7
Finally, we determine the solution of FFIVP (3.7) as follows :

y () =Ry P (r)x 2B, (A )+ Ry P (N)X PE , , (AxP),

V(1) =75 (1)) 7By (X 7)+ 7 (1)) T 5, (20 ),
where E, ,(z) denotes the Mittag-Leffler function .

Case 2 Let us consider (RLny )(x ) be " [ii — B]-differentiable fuzzy-valued functions, then
equation (3.8) can be written as follows:
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s (RLDH y )(O)@(—sﬁ)L [y (x )]—(RLD’H y )(0) =AL[y (x)].

Then, we get :
—s("D"? 37)(0;r)+s”’£[37(x;r)]—(RLD/"l y )(O;r):iﬁ[x(x;r)],

—s(RLDﬁ‘2 31)(0;r)+sﬂ£[)i(x;r)]—(RLDﬂ‘1 y )(O;r):/w[y(x;r)].

Then we get the system:

Py (xir)]-Aely (xir) |= "y v
sy (xir) -y (xar)]= "y <r>s (),

The solution of the above system is:

RL., (5-2) g+ RL, (B-1) s RL 7(5-2) RL 7 (A1)
y r)s” +"y r);s”+4 7y r;s+4 7y r
ﬁ[x(x;r)]: Yo (1) Yo )2ﬁ_/12 (1) o )
L (5-2) /3+1 —(p-1 ﬂ RL,, (8-2) RL,, (5-1)
ey T () Ty (r)s 2 My (r)s+2 "y (r)
£|:y (X’r):lz zﬂ_/lz J0 20 .

Consequently, applying inverse of Laplace transform on the both sides we have :

1) = Rby (82 () gt RLy (A (1) gL s’ 2 RLgB2) () gt S
y(ir) ="y () G Y (D g [P Y (D)

s?F - Q7

Finally, we determine the solution of FFIVP (3.7) as follows :

y(x;r)= RLXgH)(r)xﬂ’ZEzﬁ’H(ﬂzx 2*”)+ RLxéﬁ‘l)(r)x “Ezm(ﬂzx 2/’)
) RLygﬂ‘z)(r)xZﬂ*ZEZﬂ]ZH(le 2ﬁ)+/1 Ry (r)x 2’“E2ﬂ‘2ﬁ(12x 2ﬂ),

y(x;r)="" (r)x’”Ele(/i2 2ﬁ) Lyl ( )X ﬂlEZM(/szzﬁ)
+1 RLyO,Bz( ) 2ﬁ—2E2ﬂ’2ﬂ1(/12 2/3) y Zﬁ’ lEZﬁ,zﬁ(;tZXZﬁ)-

Case 3 Let us consider that (*"D/'y )(x )be " [i — ] -differentiable fuzzy-valued function then
equation (3.8) can be written as follows:

—s("D”?y)(0)a(-s”)L[y (x)]e("D"*y)(0)=AL[y (x)].
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Then, we get :

("D y)(Or)+s” [y (x;r)]-(* Dy )(0r)=acly (x:r)],

~s("D7 2y )(or)+sely (i) ]-(FD Ty )(0r) = Ac[y (xir)].
Then we get the system:

sy (ar)]-2ely (ir)]="y
sy (ar) -4y (in)]="y
The solution of the above system is

RLyéﬂ_z)(l’)Sﬁ+1+RL)Téﬂ_l)(l’)Sﬂ+ﬂ RLyéﬂ_Z)(r)S‘l‘ﬂ, RLXéﬂ_l)(r)

[y (cir)]-—2 S
RL o (8-2) S+l RL (-1 B RL,, (8-2) RL ¢ (5-1)
o % (r)s”*+™y (r)s”+2a ™y (r)s+4 "y (r)
[y (xir)]=— = s _ 42 = :

Consequently, applying inverse of Laplace transform on the both sides we have :

y(X'r):RLy(ﬂ*z)(r)g-l i +RL—(ﬂ—1)(r)£—1 s’ i RLV(ﬁz)(r)[{ S }
, Jo 528 _ 52 0 g2F _ ;2 0 —Szﬁ—ﬂ,z

_ (5 B} ; 4 s’ . _ S
T e R U e e G E
1

Finally, we determine the solution of FFIVP (3.7) as follows :

y (x;r) ="y 2 (r)x P2E i (AX )+ gV (r)x PE,,, (A7)

+1 RL)Téﬂfz)(r)xzﬁsz AX 2ﬂ)+ﬂ RLxéﬁfl)(r)xzﬂflE AX Zﬁ),

2ﬂ,2ﬁ—1( Zﬂ,zﬁ(

(/12x 2ﬁ)+ RLX(()H) (N)x7E,,, (ﬂzx 2”)
(/lzx 2ﬂ)+/1 g (r)x e

y(xir)= RLyéﬁ_z)(r)XHEzm—l

+ RLxéﬁ‘z)(r)xzﬁszzﬂyzﬁfl 2525 (}tzx 2/’).

Case 4 Let us consider that (RLny )(x )beRL [ii — B]-differentiable fuzzy-valued function then
equation (3.8) can be written as follows:

s’L[y (x)] © s(“D"*y)(0)-("D"*y)(0)=AL[y (x)].

Then, we get :
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s”e[y (ir)]-s ("D y )(oir)-(FD7 Ty J(@ir) = ae[y (xir)],

sy (x;r)]-s ("D Fy)(0r)=("D y J(0ir) = e[y (x:r)].

Therefore we have :

y (r)="y 2 ()| e ) e

T (eir)= "y (e o ety () e

Finally, we determine the solution of FFIVP (3.7) as follows :

y (x;r) ="y (n)x B, (A7) + FgE T ()X E 4 (A7),

7 () ="y (r)x B,y (A7) + Py 7 (n)x UE 4 (Ax 7).

4. Conclusions
In this paper the Riemann-Liouville fractional derivatives of order 0< g <2 for fuzzy-valued

function f are studied. Also the fuzzy Laplace transforms for the Riemann-Liouville fractional
derivatives of order 1< £ < 2under H-differentiability are discussed. Also an fuzzy fractional initial

value problem of order 1< <2 is solved.
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