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ABSTRACT

In this paper, some probability characteristics functions (probability density
and spectral density) are derived depending upon the smallest variance of the
stochastic solution of supposing stochastic linear Fredholm integral equation of the
second kind containing a joint Gamma process found by Adomian decomposition
method (A.D.M).
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INTRODUCTION

n the beginning of 1980’s, a new method for solving linear and non-linear

integral (differential) equations for various kinds has been proposed by G.

Adomian, the so called Adomian decomposition method, [1]. After that, in
recent years many researchers had been used this method to solve analytically
(numerically) a stochastic Fredholm integral equations or especial kinds of linear
(non-linear) Fredholm integral equations, [2, 3, 4]. Most of those researchers are
just interested as a final goal in finding the numerical solution on some definite
closed interval to study a unique comparison between the numerical solution of a
given Fredholm integral equation and its exact solution.
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In this paper our goal is not only interesting in the solution of the supposing
stochastic Fredholm integral equation but we concentrate ourselves in the
derivation of many probability characteristics of this solution (mean, variance,
characteristic function, correlation function and spectral density function) that is by
depending upon the smallest value of the variance of this solution as a basis for
that.

PRELIMINARIES
The gamma process I'(w,o,At) is a Levy process whose marginal distribution

. . o . ot . at .
at time t > 0 is a gamma distribution with mean - and variance 2z (i.e)

at
C(wW, o, t) =—-—"— (*) “le™ w>0,t>0 ..(1)

o)
Where the parameter o, controls the rate of jump arrivals (shape parameter) and the
scaling parameter A inversely controls the jump size (scale parameter).
Moreover, the gamma process has the following properties, [4]
(i) T(w,a,At)=0
(ii) For any 0< t; <'t, <...< t, <oo; T'(W,0,A,t2) — T(W,a,\t0), ..., T(w,a,At,) —
I'(w,o,A,t, - 1) are independent increments.
(iii) For any s < t; I'(w,o,A,t) — T'(w,0,A,S).

Now, we consider the following two dimensional stochastic Fredholm integral
equations,

(W, W,,t) =T(W,,W,, oA t)+ j j KWy, W,,50,8,, OU(s;,5,, 0808, ()
00

Where

20t
- T(W,,W,,a,A,t) = ——2— (%) ~(w,w,)" e ™M) s a joint Gamma

[T (at)]? ..(3)
process

- k(wy,W,,581,5,,t) are known stochastic kernel defined by t >0 and sy, s, € S, S
is a compact metric space and having respectively the supposing formulas

k(Wll WZ ’ Slv SZ 1 t) = ei[(SNSZH(WHWZ)]t . (4)
- u(sy,S2,t) are scalar functions defined fort >0, s4, s, > 0.
By substituting equations (3) and (4) into equation (2), we get
()\')20(t at—1 A=A (Wy+W,)
uw,,w,,t)=———(w g T
( 1 2 ) [F(at)]z ( 1 2)
...(5)

A e—[(51+52)+(W1+W2)]1 u (Sl , 82 , t)dsldsz

Oy 8
O ey 8

Remark (2.1)
In this paper three cases for the parameters (a,A) will be considered,
1) a<ia=05r=2
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2) a=Aa=A

=1.
3) a>Aa=2,A=

0.5.

Now, to find the solution of the equation (5), Adomain decomposition method

will be used which briefly depend on the following steps, [5],

20t
UO(WI’WZ’t) = F(W1!W2!a!7\'!t) = [IS() )] ( Z)Qtile_k(W1+W2) (6)
(}‘)20(t at— 1 —A(S1+Sy)
Uo(S1,82,t) =T°(s1,S2,0,A,t) = 12 (7
o(s1,52,) = T(51,82,01,A,1) [F(t)](lz) (")
and
Um+1(W1,W2,t) — IJ’e*[(Sl+Sz)+(W1+W2)]t um(sl152’t) dSldSZ, m:O,l, 2,.“ (8)
That is to get the solution
(W, Wy, 1) = Ug (Wy, Wy, ) + DU, (Wy, Wy, ) ...(9)
n=1
So, for the first iteration (m = 0), by equations (7) and (8),
0 o0 . . 7\‘)201 . B .
, ,t — [(s1+s5)+(wy+w, )]t ( at-1 A(sy sz)d d
Uy (W, W, 1) j j e renf &%) e 5,ds,
2at [0 ©
— [15‘7(\';1)]2 { J‘e—(sl+wl)tslal—1 e—?usldsl:| . |:I e_(52+W2)tngl e—xsz ds2
LO 0
(7\‘)2&[ {_ 7Wtw at-1 71/?711 :| |: 7Wtw at-1 Tiiy :|}
= — e "M Sl e + dS .| e s el/t+x dS
[C(an)] || j ' I ’ ’
rao( 5, ) -
= —(7\’) 5 efwlt J.Sul_l e 1/t+7\, dS
F t at
[ (ct)] F(at)( 1 j 0
L +A
l ot
e*WZt —+mjsg‘_1 e 1/t+n d52
F(at)(lj 0
t+A or
2at ot
:Lz e*Wﬂr‘(at) [Lj .
[C(at)] t+ A
at oo
|:ew21r(at)(t 1kj J‘Sat 1e 1/t+x ds :l}
+
7\.‘ 2at
u, (w,,w,,t) :[mj g (w2t ...(10)
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and for the second iteration (m = 1), by equations (8) and (10),
20t oo
U, (W, w,,t) = (—] ”e‘[(s“sz)*‘wl*wz)]t e (")t ds ds,
+

2ot

( e (Wl"'Wz)tJ..|.e_2(51+52)t ds ds
7\4 —(wy+w,)t OO —2s,t —25,t
=|——| e g ds e ~2ds,
el [~}
( A e —(wy+w,)t 1 —Zslt ie—ZSzt ’
0 2t 0

2t

SEEES
t+A 2t

or
7\/ 2at e*(Wl+W2)I

u,(w.,,w,,t)= ..(11)
(W, W 1) (t+kj 4t?
and by repeating iteration form =2, 3, ... and adding (10), (11), we get,
o }\‘ 2ot . o l r

u,(w ,w,,t)y=| ——| e 7 —
Z;‘ (W, Wor 1) (t+kj Z(): 4t?
where z (4—12j is a geometrical series for t > 0.5.

r=0

- }\4 2ot t —(w, +w,)t

u(w ,w,t)y=4 —| ——e 7 ...(12)
Z:‘ (W, W20 ) (th 4t-1

Finally, by substituting (6), (12) into (9) which represents the solution of (5), we
get,

7\4 2ot —A (W, +W

( ) ( )at—le A(w, +wy) n

[C(at)l

4[ A jZat tz e_(W1+WZ)t ’
t+ A 4t* -1

where w;,w,>0,t>05 a>0,A>0
Moreover, the solution (13) can be also considered as a solution over the interval 0
<w;<1,0<w, <1

u(w ,w,,t) =
...(13)

STATISTICAL PROPERTIES OF THE STOCHASTIC SOLUTIONS
In order to derive the statistical properties of the solution (13) over the interval

0 <wy, Wy <1, t> 0.5 it must be that each of them is a joint probability density
function (j.p.d.f.). So, we multiply the second term of (13) by A and equate the
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integral by one that is to find A which make each stochastic solution is a j. p.d.f. of
(wq,W, 1), (i.e.), we write,

( )2ut N 7\’ 20t t2
” T t)] ww,)* e (Wl*wz)+4A(t xj [mz lje‘wl”“" dw,dw, =1
1 + —

(7\,)2&( 11

2at 11
at- 1 A (W, +Wp) A —(W, +W,)t
“dw,dw, +4A et 7 dw,dw, =1
[F(Ott)]ZH( w2) ( +xj (4#—1}!! 12

(7\’)2&[ 11 }\I 2at 11
J.J‘ at 1 —Aw, (xt 1 —)Wde dW +4A( j . .[-[ e—(W +W2)tdW dW =1
(o) 5 thS AL
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(Aw,)* (Aw,)*

wi - Aw, + — WS- Aw, +

1
J _
0
7L zat i —(w +W,)t
4A(t+k} (4t _Jj;le dw,dw, =1

—...)dw,dw, +

7\,2Wat+l B 7\‘2W(xt+1
21 —)WE —awst  —2—

i
A\ t? W, +wy)t
4A[t+ j (M J” W Gy dw, =1
j.(zoo:( 7\‘) Wat+n—l](z( }\‘) at+n 1JdWldW2 .

n=0 n!

()2 i (=2)" 2_4A( A jz“t 2 e-t—12:1
[T(ot)P \ = nl(at+n) t+ A 4t* -1 t

o i)
t+a) a-1)l t [C(o) | < n'(at+n)

Hence,
(}L)Z(xt ( x)n 2
GO (an(aun)j -
S
t+A 4t° -1 t
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The solution of equation (13) is j.p.d. function when,

( )Zut
u(Wl’WZ’t):— ( Wz)at—le—k(wl+wz)i|+

[T (ct)l

")
LG'(atﬂl)} 1e(wl+w2)t ...(15)

oA, 1>0.5
First and Second Mean

First mean:

Eu [(Wl’WZ't)]:

O e
O e

(w,w,)[u(w,, w,,t)]dw,dw,

We start by the first mean of u(wy,w,,t),

MW |t -
=WDI(WPWZ)(W1,W2)°‘t e ") dw dw, +
00

j e )l dw, dw,

(7\,)20“ 1
I Wute—}»wl Wate—}»wz dW dW
INCG 0 2t

!
. 1
(n s nl(at+n)]

11
[ [ wyw, )e = dw,dw,
00
=)
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_ (7\.)2(“
[T (ct)l

— WSt (L-Aw, +

—...)dw,dw, +

(Aw,)* (Aw,)*
21 21

ﬁwft(l—kWﬁ
00

2,

[‘” (=) ]

= nl(at+n L3

= X ) J' I w,e "'w,e " dw,dw,
00

S

(7\‘)2<xt 1 » ) at+n 1 o ) at+n
=TT [JZ( ) _ 1]{!2( ) _ dw2]+

n=0 n=0

&Y
Z j -1 1 1
(n_o nl(ot+ n)2 [leeWItdle(IWZeWZIdWZJ
(e‘ —lj 0 0
t

ORI E)
(o)) (Z

= nl(at+n+1)

, z] ] 2
] +("-°”!(°‘t+”) Liz(l—(lth)e‘)}

et —1)
or

}\‘ 2at ) _7\’ n 2
E, [(w,,w,,t)]= [1£(<)1t)]2 [[Z (=M j +

Snl(at+n+1)

0 ( k)n B
(nz—;'n'(a”n)j 1{1—(1+t)e“ T ...(16)

(e' -1)° t

(X,)\.,t>o.5,0<W1,W2S1

Second mean:

Eu [(Wl’WZ't)]: (W1W2)2u(Wl,W2,t) dWldwz

O e
O e

It is easy to derive the second mean of u(wy,w5,t), it will be,
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n n=0

(7\’)2(11 1 » | W(xt+n+1 1 » N at+n+1
S { @Z(—x) _ 1]+@2( = dw2j+

S
Z j -1, 1
{n—o n!(at+n2 {J’erwltdWlJ[J‘WgewztdWZ]
(e‘ —1] 0 0
t

2 (i ( 7\‘) )2 1 2
_ )< (=" N = nl(at+n) 2—(t* +2t+2)e™
TP | & nl(at+n+1) (e _lj t?
t

E, [(w,,w,,t)]= (}M)mtz{(i e J ’

[C(at)]’ | L& nat+n+2)

s @)Y

(;n'(at+n)] 1{2—(t2+2t+2)e‘}2 --(17)
t3

1
t
(1,7\,,t>0.5,0<W1,W2S1

Calculations of the variance of the probability density function (p.d.f.) (15) by the
formula var[u(w;,w,,t)] = EJ[(w?,w2,)] — {E.[(wi,w,,t)]}* for three cases
(remark (2.1)) when t > 0.55 are tabulated in Table (1) of the appending attached to
this paper. It is noted that, these variances in the three cases are slowly decreasing
to tends to zero when t is relatively large.

The minimum variances from Table (1) is presented in the first, second, and
third rows in Table (3.1), respectively.

Table (3.1) presents the minimum variances from Table (1).

p.d.f. t  |A=a=1 |[A>@Ai=20a=05 |y WAT0N®"
0.55 | 0.026769 0.037453 0.001824

u(wy,wo,t) |0.85 |0.000841 @ |- | e
1.20 | - 0.001161 | —e-

Furthermore, the probability density function (15) with respect to the three cases
remark (2.1) can be rewritten respectively as follows

1) oa<r;a=051r=2
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1 117
u(w,,w,,t) =0.240465(w,w, ) exp(—0.5w, —0.5w,) —0.203448exp |:—(Wl +w,)%

Qoa=ra=r=1

17 3
269334 exp(-w, —w,) —2366533exp {—(Wlw2 )2 (w,w,)% }

u(w,, w,,t) =3x10% .

(w,w,)?

B)a>ra=2,12=05

& 2
207187 exp(—2w, —2w,) —898158exp {—(w1 +W,)%(w,w,)® }
u(w,,w,,t) =5.00000x107°

2
(w,w,)*

Autocovariance Function

For any s > t, s — t = 1, the autocovariance function B(t) of the independent
p.d.f. functions u(wy,w,,t) and u(wy,w,, t + 1) is an even function depends on the
difference || =|s—t/=|t—s | and can be found as follows, [6].

B(t) = Ey((Wy,Wo,t) (Wy,wWp,t + 1)) — Ey(We,Wo,t) Ey(wy,Wo, t+ 1)

= Eu((W2, W3 ) + Ey(Wq Wo,t)(Wi,Wa,t + T) — Eu(W?, W2 t) — Ey(Wi,W5,t)
Eu(wy,W, t + 1))

= Ey((W2, W2 1) + Ey(Wi,Wa,t) Ey(Wq,Wo,t + 1) — Ey(w?, w3,t) —
Eu(Wi,wWo,t) Ey(Wy,wWp,t+1))

= Ey((W2, W32 ,t) + Ey(Wi,Wa,t) (Eu(Wq,wWp,t+1) — Ey(w?2, w3 b)) -
Eu(Wi,wWo,t) Ey(Wyq,wp,t+1)

= Eu(W?2, W2,1) + Ey (W1, Wa,)E(Wi1,Wy,t+1) — (Ey(Wi,Wa,t)* —
Eu(Wi,wWo,t) Ey(Wyq,wWp,t+1)

or

B(r)=Eu(w?, w?,t) — (Ey(W1,W2,1))* = var u(wy,ws,t), 18)
’C>0,0§W1,W2S1

So, by table (3.1) and equation (18) either when u(w;,ws,,t), t=085t=

0.55 and t = 1.20 the autocovariance functions for them with respect to the three
cases (remark (2.1)) .

Table (3.2) presents the Autovariance functions of u(wy,w,,t) and u(wy,w,,t+

).
t A=a=1 A>a;A=2,a=05 A<o;A=05a=2
0.85 0.026769 0.037453 0.001824
0.55 0000841 | e |
120 | e 0001161 |  —oee-
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Spectral Density Function

The spectral density functions (s.d.f) of u(wy,w,,t) is an even function
represents the average power in the p.d.f u(wy,w,,t) at the angular frequency 0 < 6
< 2nm, n e 1" and can be found by Khinchin’s formula as follows, [7]

£(u,0) = zi T B(x)e"dr

:@ j (cosOt—isinbt)dt
2n °,
andfort=s-t>0
s—t
(1,0) =2 | (cosc —isin 6v) e
T 0

or
f(u,0) =

So, by Table (3.2) and Equation (19) either when u (wy, w2, t), t = 0.85, t = 0.55
and t = 1.20 the s.d.f of them with respect to the three cases (remark (2.1)) can
respectively be written as follows:

1) A=a=1

F(.68) = 0.007(3841‘sm[(s —eo.ss)e] 0<0<2n o

B SIS0 6 _g<onm, nel’ .-(19)
Y

2) A<a,A=05a=2
0.001824 sin[(s—0.55)6]

f(u,0)= 5 ,0<0<2n ...(20b)
B)A>a,A=2,aa=05
£(1,0) = 0.001161 sin[(s—1.20)6] 0<0<2n .(200)
T

Figures (4, 5 and 6) represent the graphs of three pairs (f (u,0)) corresponding to
the three cases (remark (2.1)) and s = 2, 9 just be chosen to complete the figures.

DISCUSSION AND RECOMMENDATION

With respect to the three considering cases of the parameters of the joint
Gamma process (o,A), the variances of the resulting p.d.f are slowly decreasing
when the time t is increasing up to reach some values.

Furthermore, the smallest variance is when the case of the two parameters
(a,A) are equal to one at t = 0.85.

For the future work, we recommend to consider more different cases of the
parameters of the Gamma process with different values that is no derive the largest
variance of the resulting p.d.f.
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Table (1) Variance of u(w,w,,t).

t A<a; A= A> oy
A=05a=2 A=a=1 A=2,0=05
0.05 0.047567 0.047919 0.047909
0.10 0.44418 0.046756 0.047133
0.15 0.0403681 0.045278 0.046289
0.20 0.035715 0.043588 0.045385
0.25 0.030526 0.041743 0.044425
0.30 0.024945 0.039760 0.043412
0.35 0.019259 0.037627 0.042346
0.50 0.013826 0.035308 0.041224
0.45 0.008979 0.032758 0.040040
0.50 0.004946 0.029926 0.038787
0.55 0.001824 0.026769 0.037453
0.60 no variance 0.023258 0.036023
0.65 0.019383 0.034477
0.70 0.015157 0.032794
0.75 0.010615 0.030948
0.80 0.005817 0.028908
0.85 0.000841 0.026643
0.90 no variance 0.024116
0.95 no variance 0.021290
1.00 no variance 0.018121
1.05 0.014569
1.10 0.010588
1.15 0.006134
1.20 0.001161
1.25 no variance
1.30 no variance
1.35 no variance
1.40 no variance
1.45 no variance
1.50 no variance
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Figure (1) Figure (4)

The graph of us(wi,w,,0.85), 0 <w;, w, <1 The graph of f(us,0) for0< 0 <2n
whenS=2 ,9whenA=a=1 wheni=a=1
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| |||’ l\'l' Jlf iy L,.ll ,|i J,lll.l\ l'|
oy W
15 'II t \1 i k ! <|‘ \[ 'ﬂ b
Figure (2) Figure (5)
The graph of u,(wy,w,,0.55), 0 <w,;, w, <1  The graph of f(us,0) for0< 0 <2z
when a>A, a=2, A=05 whenS=2 ,9whena>%, a=2,
A=05

o L L L L L L L L L I
1 11 13 13 14 18 16 17 1&8 19 2

Figure (3) Figure (6)
The graph of u,(wy,w,,1.20), 0 <w,;, w, <1  The graph of f(uz,0) for0 <6 <
2nwhen S=2 ,9when a<i, a=05Ar=2 whena <A, a=05 A=2
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