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ABSTRACT

In this paper, the adapted approach of existence based on Leray-Schauder degree
theorem. The necessary theorems of nonexpansive perturbed operators, lemmas and
propositions for existence and uniqueness of proposed classes of semilinear perturbed
unbounded operator equations have been adapted and developed with proofs and
supported by some illustrative examples.
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INTRODUCTION
et H be a real Hilbert space endowed with the inner product (-,-) and the norm

In [13], general class of nonlinear operators F (X )= X , x> Qin a Banach
space, which we call projectionally-compact (P-compact) and which, among others,
contains completely continuous, quasi-compact, and monotone operators and general
fixed point theorem for deduce in a simple way the fixed point theorems of Schauder,
Rothe, Kaniel and others,have been established.

To study the collection of nonlinear operator F (.) and linear operator A to get the
semilinear operator equation, the following literatures are very useful.
Locker in [7], the semilinear equation AX = F (X )was considered, where A is

linear, N (A) denotes the null space of A and A* denotes the adjoint of A in case
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D (A) is dense in Hilbert space H. Let A be a closed linear operator in H with the

following properties:

1) D (A) isdenseinH,R (A) is closed in H,

2)  dimN (A)=p <ooanddimN (A*)=q <, D(A)ND(F) = Q.
Under these assumptions, the equation AX = F (X ) has at least one solution.

Switzerland [15] has studied the solvability of semilinear operator equations of the form

Au =F(u), where A:D(A)cH — H is a self-adjoint linear operator in the

real Hilbert space H , and F is an appropriately defined nonlinear potential operator.

Equations of this type can be considered as abstract formulations for a variety of
problems in differential equations as examples:
1. The solutions x of the elliptic boundary value problem

—Ax =f (t,x)inQ, x =0o0n 0Q,

Where
Q) is a bounded smooth domain in [] ".
2. The existence of 277 — periodic solutions of the semilinear wave equation

u, —u, =f (x,t,u)in (0,7)x0,
u(O,t)=u(zt)=0 Vtel.

In each case we assume that the nonlinearities are given smooth functions.
Okazawa in [11] has studied some properties on A + B , where A is a linear operator
with domain D (A) That is dense in Banach space X, and B be a linear operator in X,

with D (B ) > D (A)and presented by some certain conditions on A and B, if A is m-

accretive and B is accretive then A + B is also m-accretive, i.e., if —A is the generator
of a contraction semigroup on X then so is —(A +B), to.
Let A bea closed densely define linear map in a Banach space with infinite

dimensional null space and F be a nonlinear map such that A — F is pseudo A —
proper. The solvability theory for the equation

Ax —F(x)=f1
using only the Brouwer degree theory and the finite dimensional Morse theory has
been presented and studied in [8].

The solvability of the equation AU —TU +Cu =T is studied under various
assumptions of monotonicity and compactness on the operators A, T and C, which maps
subsets of reflexive Banach space X in to dual space, [5].

Mortici in [9], [10] the semilinear equation AU + F(u) =0, was considered,
where A:D(A)cH —H s a linear maximal monotone operator and the

nonlinear operator F:Ho>Hisa (strongly monotone and Lipschitz operator) or
quasi-positive. It is proved that, under these assumptions, the equation

Au + F (u) =0, has a unique solution.
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Teodorescu in [16], had established an existence and uniqueness result for the
equation U — Au +F (U) =f where A is linear, quasi-positive and the nonlinear
function F is a Lipschitz monotone operator.

Teodorescu in [17], the semilinear equation Au+F (U) = f, was considered,

where A:D(A)cH — H is a linear maximal monotone operator and the

nonlinear operator F:H—>Hisa Lipschitz operator. It is proved that, under these
assumptions, the equation AU + F (U) = f has a unique solution.
Kdudhair in [6], established an existence and uniqueness result of

semilinearequations AX +J(X)+F(X)=f ,where A:D(A)cH —H is

a linear maximal monotone, strongly positive operator, J : H — H is a duality map
and F is a Lipschitz operator.

In this paper, we focus on study the types of densely define unbounded linear
operator is self-adjoint or generator of nonexpansive perturbed semigroup and
suggested the basic condition for solving semilinear perturbed unbounded operator
equations properties. The solvability of some such classes with perturbation dependent
on the some estimator establish on the values of the resolvent set and using different
type of fixed point theorems, such as Leray-Schauder mapping degree have been
presented.

Preliminaries:
In this section, we review some basic definitions and theorems that we needed later
on.

Definition (2.1), [1]:

A family {T (t)}..,of bounded linear operators on a Banach space X is called a
one-parameter semigroupl] * 3t ——T (t) on Xif it satisfies the following
conditions:

1. T@E+s)=T®) (s),vt,s>0
2. T (0) =1, (1is the identity operator on X).

A semigroup of bounded linear operator, T(t), is:
uniformly continuous if "anT t)—1 ‘ =0.
ti0

Strongly continuous(C, -semigroup) if |tim “T (t)x —x ||X =0 for every xeX.

Definition (2.2), [1]:
The linear operator A defined on the domain:

D(A)={x X :|j¢rpT(t)#

Ax —lim®x=x _dT ©] forx eD(A)
tlo t dt o
is the generator of the semigroupT (t), D(A) is the domain of A.

exists} and
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Remark (2.1), [12]:
Let T (t) be C_-semigroup and let A be its generator, then:

i A : D(A)c X — X ,isalinear generator.

. For X € X

) 1t+h

IhlggF | T (s)x ds=T (t)x, he(0t)
Forx eD(A), T (t)x e D(A)and

d

ET (t)x =AT (t)x
=T (t)Ax ,forall t >0.

Remark (2.2), [12]:
LetT (t) bea C,-semigroup then there are constants W > Qand M >1,

such that ”T (t )H <Me"™ fort >0.1f w =0,T (t) is called uniformly bounded

moreover if M =1 itis called a C ,-semigroupof contractions.

Theorem (2.1), [12]:

A linear operator A is the generator of a uniformly continuous semigroup if and

only if A is a bounded linear operator.

Definition (2.3), [4]:

Let X and Y be two normed spaces and Mbe a subspace of X, then the linear operator
T defined on M into Y is called closed linear operator if for every convergent sequence

{X _ }of points of M with the limit xeX, such that the sequence {TX _}is convergent

sequence with the limity,xeMand Yy =TX .
We define the duality set F (X ) € X ™ by

F(x)={x":x"eX and (x",x )=[x[ =[x~ 1.

Definition (2.4), [12]:

A linear operator A is dissipative if for everyX e D (A) there is aX "eF (X)

such that Re<AX X *> <0.

Lemma(2.1), [12]:

Let X be a Banach space andA generates a strongly continuous semigroup of
contractions{T (t)} andB:D(B)cH —Hbe a dissipative which satisfies

t>

D(A)cD(B)andHBxHSaHAXH—i—ﬂHXH, for X e D(A) where 0<a <l

and >0.
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Then A +B :D(A)cH — H is the generator of strongly continuous semigroup
of contractions.

Lemma(2.2), [12]:
LetX be a reflexive Banach space and A generates a strongly continuous semigroup
of contractions {T (t)} _and B:D(B)cH —H be a dissipative which

satisfis D (A) cD(B) and  [Bx|<[Ax |+ B|)x| for x eD(A) where

S >0.Then(A + B), the closure of A + B, is the generator of strongly continuous
semigroup of contractions.
A+B :D(A)cH — H be unbounded perturbed linear operator of strongly

continuous semigroup of contractions.

Lemma (2.3) ""Hille-Yosida", [12]:
A linear (unbounded) operator A is the generator of a Co-semigroup of

contractions {T (t)} ,ifand only if

t>

1. Aisclosedand D (A) =X .

2. The resolvent set p(A) of A contains [ ™ and for every 4 >0
AL =AY | o < L
”( - ) ||L(X)_Z'

Lemma (2.4), [12]:
A linear operator A is the generator of a C-semigroupT (t) satisfying

T (t)HL(X) <Me", M >1,w >0 ifand only if:

. Aisclosed D (A)=X.

. The resolvent set p(A) of A containstheray {4 : ImA=0, A >w },
_1\" M

H((/u A < ey

is bounded linear operator in X, where IMm A is standing for imaginary part of a
complex eigenvalue.

for A>W ,n=1,2,...

Theorem (2.2), [12]:
Let X be a Banach space and A be the unbounded linear generator of a C -

semigroupT (t) on X, satisfying:

”T (t)HL(X) < MeWt ’
If B is a bounded linear operator on X, then A +B with D(A +B)=D(A) is
the generator of a perturbed C _- semigroup S (t ) on X, satisfying:
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Definition (2.5) ""Adjoint operator of unbounded operator, [14]:
Let A be an unbounded linear operator on a Hilbert space H and assume that the
domain of A, D (A) is dense in H. Then the adjoint operator A* of A is defined by

<AX,y>:<X,A*y>forall x € D(A),y € D(A%*), where:
D(A*)={y €H |<AX,y>=<X,Z>,forsome z eH andall x eD(A)}.

Definition (2.6) *'Self-adjoint operator™, [14]:
Let A:D(A)cH — H be densely defined linear operator in Hilbert space H,
then A is called self-adjoint operator if A = A *.

Theorem (2.3), [4]:

Let A :D (A) — H be aself adjoint linear operator, which is densely defined in a
complex Hilbert space H. Then a number A belongs to the resolvent setp(A) of Aif
and only if there exists a C > 0 such that for every X € D (A),
|21 =A)x|=c|x].

Definition (2.7) ""Compact Operator™, [19]:
Let X and Y be normed spaces, the operator A :D(A)c X —Y s called a

compact if
1. A is continuous, and
2. A transforms bounded subset M of X into relatively compact subset in Y (

A (M )is compact).

Lemma (2.5) ""Compactness of Product", [4]:

Let A:X — X be a compact linear operator and B : X — X a bounded linear
operator on a normed space X. Then AB and BA are compact.

Lemma (2.6) **Compactness Perturbation®, [18]:
Let T, d, h:X — X be mappings on a Banach space X, then f is called compact

perturbation of the mapping g if and only if f= g+ h and his compact.

Definitions (2.8), [2]:
Let A:D(A)c X —Y , where X, Y are Banach spaces. A is said to be

completely continuous if for every sequence {X }<= D (A)such that
X,——X €D (A), wehave AX ——>AX .
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Lemma (2.7), [14]:
1. Let X be a normed space, the mapping A:D(A)cX —> X is called

completely continuous if it is both continuous and compact.
2. A bounded set of reflexive Banach space is called weakly compact if every sequence
has a converges weakly subsequence,

Remarks (2.3):
1. Let X and Y be normed spaces, then:

i Every compact linear operator B : X —Y is bounded.
. IfdimX = o0, then the identity operator | : X — X is not compact.
iii. If dimX < oo, then the identity operator | : X — X is compact, [4].

2. Let X and Y be Banach spaces and A : X —Y be an operator:

i If A 'is a compact linear operator, then A is completely continuous.

il If X is reflexive and A (need not be linear) is completely continuous then A is
compact, [3].

3. If A andB are completely continuous operators, then alA + aZB is also a

completely continuous operator, where «,, &, are scalar values.

Definition (2.9), [18]:
Let X and Y be real Hilbert space, and let A : X — X * be an operator. Then

1. A is called monotone if and only if

(Au—-Av,u—-v)>0forall UV eX.

2. A is called strictly monotone if and only if

(Au—-Av,u—-v)>0forall u,v e€X with U#V.

3. A is called strongly monotone if and only if there is a constant C > 0, such that

(Au—AvV,u-Vv)>clu-v|foral uveX.

Remark (2.4), [18]:

LetA : X — X "be alinear operator on real Hilbert space X, then:
A is strictly monotone if and only if A is strictly positive

(e, (Au,u)>0 forallu € X withu #0).

A is strongly monotone if and only if A is strongly positive
e, (Au,u)=cu  forallu € X andfixed ¢ > 0),
Ais called coercive if and only if

fjm (AU
Jufl->e HU \

Definition (2.10), [18]:
Let A:D(A)cH — H bean operator on real Hilbert spaceH.

—> 400
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A'iis called monotone if and only if (AU —AV ,U —V ) > Oforallu,v e D (A).
1. A is called maximal monotone if and only if A is monotone and
b—-Av,u—-Vv)>0 roralv eD(A)

Implies AU =D, i.e., A has no proper monotone extension.

2. A is called accretive if and only if (I + #A):D (A) — H is injective and
(I + A)™ is nonexpansive for all 2> 0.

3. A is called maximal accretive (m-accretive)if and only if A is accretive and
(I + A)™ existson Hforall 1> 0.

Lemma (2.8), [18]:
Let A:D(A) < H — H be an operator on the real Hilbert spaceH. Then the
following three properties of A are mutually equivalent:

1. A is monotone and R(l + A) = H.
2. A is maximal accretive.
3. A is maximal monotone.

Lemma (2.9),[11]:
Let A be a linear operator with domainD(A) and rangeR(A) in a Banach space X. Let

B be a linear operator in X, such that D(A)cD(B) and
HBX HSO{HAX H-i—ﬂHX H for X eD(A) where 0< S and 1>a >0.1f A is
maximal accretive with D(A) dense in X, and B is accretive then A + B is maximal
accretive.
Definition (2.11), [18]:

The  semigroupT (t):H — H of  linear  bounded  operator s
nonexpansivesemigroup if T (t) is strongly continuous and ”T (t )H <lforallt >0.

Theorem (2.4), [18]:
Let A:D(A)cH — H be a linear operator on the real Hilbert space Hwith

D (A) =X . Then the following conditions are mutually equivalent:
1. A is the generator of a linear nonexpansivesemigroup.

2. —A maximal accretiveand D (A) =X .

Definition (2.12) "Leray-Schauder type (LS)", [2]:
The operator of the type | —T in infinite dimensional space, with | the identity
mapping and T compactness called compact displacements of the identity.
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Lemma (2.10), [10]:

Let T:DcX =>X, T €@1s) be such that | =T is compact and
y € X \T (D). Then the Leray-Schauder degree deg(T ,D,Y )satisfies the
following properties:

1. 17 deg(T,D,y)#0,then y €T (D).

2. 1fHeC([0,1]xD,X ) issuchthat I —H(t, -) is compact, for all
t €[0,1]andy € X \H([0,1] x 0 D), then the degree

deg(H (t,-),D,y) =constant, forall t €[0,1].

3. The degree for the identity map | : X — X is

lyeD
deg(l,D,y)= Oy ¢D

Solvability of Semilinear Perturbed Unbounded Class by Using Leray-Schauder
Degree Theory

The proposed results of the following theorem depends on the results of Leray-
Schauder degree, homotopy theorem of compact perturbation theorem and
nonexpansive perturbed semigroup theory with some necessary conditions on
perturbation operator, so the solvability is guaranteed , but the uniqueness is not
necessary, so the existence of at least one solution is discussed.
In the following lemmas, we suggest important assumptions which make sense in some
useful properties to develop and generalize the results later on.

Lemma (3.11):
Let {S (t)}IZO be a C_-perturbed semigroup of bounded linear operators

generator by perturbed unbounded linear operator (A +B), withD (A) = D (B).
Then ((A —||B)1 — (A + B))isinvertible forall 1 >|B|and X € D (A).

Proof:
Applying Laplace transform for € 'S (t), yield

F ()X =LE"'S (t)x) = [e “ePIs (t)xdt for A >[Bfandx e X . (@3.)

S(h)—1

s (hg—l F ()X = [e-e®ts (t)xdt, for h >0,
0

_ %Te”” (S (h)S (t)x —S (t)x )t

0

_ %Te‘“‘” (S(t+h)x —S (t)x it
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1% -(A-|B |t 17 -(2-B |t
=—|e S{t+h)xdt ——|e S (t)xdt
0 ! ( ) h ! (t)

Let 0=t +h=dd=dt,if 0<t <oo then h <5 <0, we get

% F(A)x = %I e CEDOS (5)xd 5—%! e EI's (t)xat
o BN h (e & 0
== [e S (5)xd 5 - ———[e DS (5)xd
h o h

1% -G
— (e S (t)xdt
- ! (t)

We get

S(hg" F (1)

e b xdt ~ S e IS @xdt. (32
h 9 h %

As h »L 0, from (3.1) and remarks (2.1)(ii), the right-hand side of (3.2) converges
to (4 —||B ||)F (A)X —X. Since the left-hand side is the generator of S(t),t >0,

this implies that for every X € X and A >||B ||
F(A)x eD(A+B)=D(A)and
(A+B)F()=(—|B)F(A)—1 .o
((A=[B1 =(A+B))F(A)=1. (3.3)

For Xx eD(A+B)=D(A), we have

F(A)(A +B)x = [e “ s (t)(A +B)x dt (3.4)
From remarks (2.1)(iii), the Eq(:Jation (3.4) become,
F(A)(A +B)x =[e “ (A +B)S (t)x dt

0

=(A+B )(Te‘“‘”s (t)x dtj

=(A +B)F(1)x. (3.5)
From (3.3) and (3.5) it follows that
F(/i)((ﬁ—”B”)l —(A+B))x =Ix, forevery X eD(A+B) (3.6)

Thus, F (1) is the inverse of ((1— ||B ||)I —(A +B)), itexists forall 2>B|.

-10 -
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Lemma (3.12):
Let Al —(A + B),—HB HI are linear operators from X to Y (X, Y are two

Hilbert spaces), with D(A)C D(B )and A> HB H the linear operator —HB HI is
bounded and F denotes the duality map on Y to Y* defined by for every Yy €Y ,
F(y)= {g eY *(y,g)= Hy HZ = Hg “2}, Assume that for every
X eD(Al —=(A+B)) thereis g € F((Al —(A +B))X) such that,

(-[B1)x,9) = —|x| —af(al (A +B)x|[x|-b |4l —(A+B)x| 3.7)
Where
a,b and c are nonnegative constants, with

cf(al (A +B))?[ +af(2l —(A+B))*|+b <Land
|21 (A +B)*[ >0. Then ((A-[B[)I ~(A+B)) is invertible and
((A-[B)1 —(A +B)) " eBEY ,X ), with

H((/1—||B||)| (A +B))l‘£/1+”8”,

forall A >|B|. (3.8)

Proof:
From theorem (2.2) and lemma (2.4), the (Al — (A +B))is invertible, that is

N (41 - (A +B))={0},
Then

|21 = (A +B)x| ]2t —(A +B))?| " [x| for an
x eD(Al -(A+B)), (a1 -(a+B) | >o0.
Thus, x| <[[(21 —(A +B))*[|(Al —(A +B))x].
It follows from (3.7) that
(=B 1)x.g) =~ (a1 —(A+B)* |21 —(A+B)x|
—a(Al = (A +B))[[(A1 - (A +B)x[ =b(Al - (A +B))x]
> (|4l -(A+B ))-1”2 —a(2l —(A+B))"[-b)[(Al - (A +B))x]
>-(c|(4l -(A+B ))*1“2 +a(Al = (A +B)) [ +b)|(Al - (A +B))x| .39)
From definition of duality we have that,

[(A1 = (A +B)x[" =((Al - (A +B))x,g). (3.10)
Thus,

(A=[B1 = (A +B))x,g) =((A1 —(A +B)x,g)+((—|B]1)x,0)

-11 -
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From (3.9) and (3.10), we have that
((2—|Br —(A+B))x,g)=](Al —(A +B))x I +<(=[B[1)x,9)

>|(A1 (A +B)x[ - (Al (A +B))[ +a](al (A +B))*|+b)|(A1 - (A +B)x]
>[L-c|(21 - (A +B))*[ ~a|(al -(A+B))*|-bIj(Al ~(A+B)x[.  (311)
Therefore, from definition of duality, we obtain

|41 - (A +B)x| < ! |21 -(A+B)-[B]1)x]

\/1 c“/ll (A+B)) “ a“/ll (A+B)) ”b

[\/1 cf(a1 (A +B) [ ~a|(ar -(a +B))| - b}il (A+B))|<[a1 - (A +B)-[B[1)]

1 1
>
{\/1 |21 ~(A +B)) [ ~a(a1 (A +B)) |- b}/ll (A+B)) (21 -(A+B)-[B]D)]

From lemma (3.11), we have that((ﬂ—HBH)l —(A +B)) is invertible linear
operator and(M -(A+B )) is invertible [see theorem (2.2) and lemma (2.4)], hence

”((/1—||B D -(A+ B))’l“ < \/1—(: “(M ~(A+B ))*1”2 —a“w ~(A+ B))’l“—b } “(M ~(A+ B))’l”

Since a, b and c are nonnegative, if we set a = b=c=0, then we have that

(G- IBpr-a+8)) ") <o ~(A+B) <=y ” 1 forall 1> B

Let ,u=l—HBH then H(,ul —(A-I-B))_lHSi, forall > 0. (3.12)
i

Concluding Remark (3.1):

Let X be a Banach space and let A be the generator of C _-semigroup of contraction
(nonexpansivesemigroup) in X. B is a bounded linear operator perturbation to A such
that D (A) D (B ) and (3.7) holds for @,b and c are nonnegative constants,
with
c|al —(A +B)*[ +af(Al (A +B))*|+b<Land A>|B|. Then

A + B, is the generator ofC_-semigroup of contraction (nonexpansivesemigroup) in

X.
The following lemma is important in the following result and its proof is helping us
to go further, so it has been imposed for benefit point of view.

Lemma (3.13), [10]:
If F:H — H isaquasi-positive operator with o >1/2, then

-12 -
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[x —=F(x)| < x|, foran x eH ,x =0.
Theorem (3.5):
Let Hbe a real Hilbert space, A+B :D(A)cH — H be perturbed

unbounded linear operator generator of perturbed C _-semigroup of {S (t)} o where

t>

Ais a generator of C_-semigroup of contraction {T (’[)}tZO and
B:D(B)cH — H be a bounded linear operator perturbation to A such that
OcIntD(A), D(A)cD@B), 21> HB H and satisfy for every
X eD(Al =(A+B)) thereis g e F((11 —(A +B))x)
(=[B1x,9)>—|x| —af(al — (A +B)x x| -b](A1 - (A +B))x]",
andFF : H — H be a nonlinear operator of Leray-Schauder type operator such that
(F(x),x)ZaHF(X )H2 ,a>12forall Xx e H ,x #0.
Then the semilinear perturbed unbounded operator equations

F(x)=(A+B)x. (3.13)
has at least one solution X € D (A).

Proof:
From concluding remark (3.1), we have that (A+B) is a generator of

nonexpansivesemigroup of bounded linear operators{S (t )} o thus, by using theorem

t>

(2.4), we have that —(A + B ') is a maximal accretive.
Our aim to examine the existence solution of the following system

—(A+B)x +F(x)=0.forx eD(A). (3.14)

From lemma (2.8), we have that—(A +B ) is a unigue maximal monotone on H.
1

By using lemma (3.12), we get for all x>0 and —ep(A + B) the operator
U

(I — (A + B)) is invertible with continuous inverse
(I —u#(A+B))":H - Hand|(I - u(A +B))*|<1. (3.15)

Suppose that 2 =1.

Now, the Equation (3.14) can be written as

(I -(A+B)x +(-I +F)(x)=0

(I =(A+B)x =( —F)(x)

From (3.15), we obtain that

X=(-(A+B))*(l —=F)(x),

oo XxX=TX)<( -T)Xx)=0, (3.16)
Where

T=(1-(A+B))*(I —=F).
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Since F is an operator of Leray-Schauder type, from definition (2.12), we get
| —F is compact and since (I — (A +B))™ is continuous. By lemma (2.5), hence
T = -(A+B))"(lI —F) isacompact operator.
one can get
(I-T)=>0-(1-(A+B))*'(I -F)), (3.17)

is a compact perturbation of the identity map by definition (2.12) and from (3.16),
hance

(1 —(1 +(A+B)*(I —=F))x =0. (3.18)

Can be solved using the Leray-Schauder degree [see lemma (2.10)] as follows:
Since

~(A+B)Xx +F(x)=0<=x =1 -(A+B))*(I —F)(x)
=S0-0-(A+B)*(l -F))x =0
Let B =B (0,r) such thatB (0,r) = D(A + B). By using Leray-Schauder,
we have that
Ht,x)=x -t(1 =(A+B))*(I —=F)(x), x €B,t €[0,]. (3.19)
If 0 € H(L,0B), the conclusion follows immediately. In order to use the invariance to
homotopy of the Leray-Schauder degree, we prove that O ¢ H([0,1], 0B).

Let us suppose by contrary that H(t,x ) =0, for somex € dBand t €[0,1).
From equation (3.19) It results

[x[ =t =(A+B))*(1 —F)(x)|
<[ (A +BY* (1 =F)(x)|
<[ = (A +B) Y Jx —F ),
By (3.15) and lemma (3.13) we get
x| <x = F 0 <[]
we must have equalities all over, in particular (I —(A +B))™*(I —F)(x)=0.
hence X =0e 0B, contradiction. This means that O ¢ H([0,1],0B). and
further, by lemma (2.10)
d(H(,-),B,0)=d(H(0,-),B,0) =

= deg(l - (I + (A +B))*(I —F)(x),B,0)=deg(l,B,0)=1.

Hence, deg(l — (1 + (A +B))™*(I —F)(x),B,0)=0.

By Leray-Schauder degree, one gets:
The Equation (3.18)and equivalent, the Equation (3.14), has at least one solution in D

(A).Hence F(x)=(A +B)x hasat least one solution in D(A).

Concluding remark (3.2):
The selection of A in theorem (3.4), will not effect the solvability result. The
solution is independent of chose of A .
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Corollary (3.1):

LetA:D(A)cH —> H be a generator of nonexpansivesemigroup{T (t)}tZO
and B:D(B)cH —H be a dissipative which satisfiess D(A)cD(B), and
HBX H < (ZHAX H+,BHX H for X e D(A), where 0<a <land £ >0.

LetF :H — H be anonlinear operator is Leray-Schauder type operator such that
(F(x),x)za|F(x)[.a>1/2forall x eH ,x #0.

Then the semilinear perturbed unbounded operator equations

F(x)=(A+B)x. (3.20)

has at least one solutionin D (A).

Proof:
According to lemma (2.1) and theorem (3.5), the proof is of direct way.||

Corollary (3.2):
Let A:D(A)cH — H be a generator of nonxpansivesemigroup{T (t)}tZO

and B :D(B) < H — H be a dissipative which satisfies D (A) c D (B) and
|Bx|[<|Ax|+B|x| for X €eD(A)where>0. Let F:H —H be a
nonlinear operator is Leray-Schauder type operator such that

(F(x),x) ZaHF(X )H2 ,a>1/2forallx e H ,x #0.

Then the semilinear perturbed unbounded closure operator equations
F(x)=(A+B)x. (3.21)

has at least one solutionin D (A).

Proof:
On the results of lemma (2.2) and theorem (3.5), the proof is of direct way.|

Ilustrative example (3.1):
Let us consider the following semilinear heat flow equation

g(t.x (1)) =(A+ul)x(t). (322)
where _
the linear operator A is the closure of the Laplace operator

n 82
AX (t) = Zﬁx (t,,t,,...,t ) defined for every x in the Schwartz space
i=1 :

o")={x eC”(U n):rlt\imt "Dx(t)=0forat n €] and ¢ €[1"}

and assume that for >0 and for every UeD(Al —(A+ ul)) there is
g € F((Al —(A+ ul))u) such that

(~p)u,g) =~ x| —af(al =@+ )x|[x|-b (21 = A+t x|

-15-
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whered,b and c are nonnegative constants and A > 4.

The particular case when g (t,X ) =a,(t)x, with a, €C (Q), a,>p>0is

studied in [10], under the assumption that the nonlinear part is quasi-positive, we have
that

(g (t.x (). x(t))=[g(t.xt))x (t)t
205”9 (t,X ('[))”2 for some & >%
=afg?(t,x )yt =afa’(t)x dt

~ala [ x[" 29
On other hand, we have that
(9 (tx®))x 1)) =(a®)x (), x 1))

By Cauchy Schwarz inquality, we obtain

(9(tx@)x©)<faflix [ (324
Thus from (2.55) and (2.56), we obtain
<> e | (325)

Hence, a||a0|| <1.
Indeed, we can apply theorem (3.5) as follows;
H=L*"), (A+B)Xx =(A+ul)x, generator a C_-semigroup of
contraction on L*(J ") with domainD (A)=48(0"), and (Fx)(t)=g(t,x).
The problem (3.22) can be written in the abstract form
F(x)=(A+B)x, x eD(A)cL2(0").
[

The new results of the following theorem depend on the results of Leray-Schauder
degree, homotopy theorem of compact perturbation theorem of nonlinear operators and
some necessary conditions of a self-adjoint densely defined linear operator, so the
solvability is guaranteed, but the uniqueness is not necessary, so the existenece of at
least one solution is discussed.

Theorem (3.6):
Let H be a real Hilbert space. Let A :D (A) cH — H be an unbounded self-

adjoint linear operator which is densely define in H. Let F : H — H be a semilinear
operator such that F = F, — F, where

i. F, :H ——H is a compact linear operator;

. F, :H ——H isa completely continuous nonlinear operator.
Assume that there exists a completely continuous function
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g :B(0,)—— [ "such that g(x)=0 implies X =0. Furthermore there

exists a constants P >1,C >0 such that
p+l

H(/II —-A)X H >C HX forevery X e D (A). (3.26)
Then the following unbounded linear operator equations
Ax +F(x)=-f (3.27)

has at least one solution forany f e H.

Proof:
Consider the following equation
1
—AX +—Ix —F(x)—f =0, forany positive integer M. (3.28)
m

From theorem (2.3), we can define
1 _ 1
R,=(=1-A)":H >D(A)for—e p(A)and R_ s linear bounded
m m
(hence continuous). Now (3.28) is equivalent to
x R, (F(x)+f)=0. (3.29)
By (i) we have that F1 is a compact, and from remark ((2.3)(2)), we have that F1 is
a completely continuous, from concluding remark ((2.3)(3)) F1 - F2 is a completely

continuous semilinear operator, and from remark ((2.3)(2)), we have that Fl — F2 is a
compact semilinear operator.

Hence from lemma (2.5), we have R (F(x)+f ):H ——>D(A) is a

compact semilinear operator.
By Leray-Schauder degree theory [see lemma (2.10)], Equation (3.29)is solvable if

there exists I >Osuch that X —tR (F(x)+f )#0 for any te(0,1],
X €dB(0,r). Equivalenty to show that the solutions  of
x —tR, (F(x)+f )=0 forany t €(0,1] are uniformly bounded.

First to show that there exists & > 0 such that ¢ (Xt/HXt H) > & for any solution
X, of X —tR, (F(x)+f )=0with t €(0,1], |x,|>1.

Suppose that is not true, so there exists {t, } < (0,]]and {x }=H , [x [>1,
with
X, —t,R, (F(x,)+f )=0andg(x,/|

By lemma((2.7)(2)) and H is a reflexive Hilbert space, B (0,1) is weakly compact.

Xn

)—)0 as N — 0.

Thus, {Xj}subsequence of {Xn} such that XJ./HXJ.HLM0 for some
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X, € B(0,1). since g is completely continuous, g (xj/ij H)—)g(xo), thus,

g(x,)=0.wWehave X, =0. Hence Xj/HXjHL)O.

X

Since X —thm(F(Xj)+f ):O, we have t—’—Rm(F(Xj)+f ):
j

thus

X. X.
—A—‘+ilt—‘—F(xj)—f =0 (3.30)
j i
Notice that XJ./tj eD(A),since R_:H — D(A). Thus,
1 X
Hlxj :tjAt—‘+th(xj)+tjf
j

X
:tjAt—’+th1(xj)—th2(xj)+tjf :

]

<%Ixj,xj>:tj<A):—jj,xj>+tj<F1(xj),xj>—tj<F2(xj),xj>+tj<f ,xj>
Stj<A)t(—",xj>+tj<Fl(xj),xj>+tj<f ,xj>,

j
which implies

L b [t (g o
< ol H> < bl HXJH> ARG Bl

As] >, i.e., a contradiction. Hence, we have ¢ (Xt/HXt H) > ¢ forsome &> 0.
Nowif X, —tR_ (F(x,)+f )=0with ||x,[>1, then

A% L X oy —f =0 (3.31)
t m t
X 1 X
d 0=—(A—-,X — (1=, x )= (F(X,),x,)—(f X,
an <tt>+m<t><()>< >

1 X, o\ _
:<(H"A)T’Xr> (Fx)x )= x,)
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C +
2 = IR e = IF .

Since p >1, X, H must be a uniformly bounded. We get that (3.28) and (3.29) are

solvable for any integer m.
Now, to show that the solutions of (3.28) are uniformly bounded with respect to m.

suppose that is not uniformly bounded, let {Xn} be a sequence such that

1

—AX, +=Ix, —=F(x,)-f =0 and [, |>oasn—>o0.
n

>1.

First we show that there exists & >0 such that ¢ (Xn/

X, e{X,}.
If this is not true there exists a subsequence of{xn}, such that

g(x,/
g(x,)=limg(x,/
Now,

F(x,) =1 -A), +R(x,) -

Assume that

Xn

Xn

)>6‘ for any

Xn

)—)O. Since B(0,1) is weakly compact, we get as above

):O,hence, X, =0 sowe have XH/HXHHL)O.

Xn

<F1(xn),xn>2<(%l —A)xn,xn>—<f x)zel - x,).

wherec some positive constant. So

p+2
X X C|X 1 X
FG—),—-)2 —— f,—-)>c
X n X n X n X n
The right side converge to C HXan > (), and the left side converge to zero, we have

g(x,/
O=—<Axn,xn>+<%lxn,xn>—<F(xn),xn>—<f X, )

n p

Xn

X

n

Xn

)>8 for some £ > 0. Now

:<(%| _A)xn,xn>—<F(Xn),Xn>—<f X,)

p+2

o0 B L i
since P >1 and X[ — o0, we have
p+2 2 , -
ClX, —HFH X, —Hf HHXnH —> 0as N — 00. By this contradiction, we get

that {X N } is uniformly bounded.
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Now, since {Xn} is a bounded sequence and H is a Hilbert space, then from

1
lemma((2.7)(2)), we assume that X ——>X forsome X € H . Then—X, —0
n

and since F, is a compact, then F X — FX , F,(X,) — F,(X)and from definition

(2.6), A is a closed operator.
Hence, lim(Ax, + F (x,)=—f ) = AX + F(x) =-f

has at least one solution for any f eH. U

Concluding Remark(3.3):

The new results concluded from theorem (3.5), for perturbed linear operators that If
A +Bis a generator of nonexpansivesemigroup,where A is a generator of
nonexpansivesemigrouup and B linear bounded operator with some necessary

conditions then—(A + B) is a maximal accretive consisted from maximal accretive
and bounded operators. In general, this is not true as example if A is a linear maximal
accretive then it is maximal monotone, implies to monotone <AX , X > > (0and

B = "2A is abounded linear operator, then
<(A +B)x,x > =<(A —2A)X ,X > = —<(AX X > <0, therefor A+B is not a

maximal monotone and not maximal accretive.
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